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Disclaimer: These are the notes for Further Topics in Mathematics of Data Science accompanying the
lecture held by Afonso Bandeira in Autumn 2025 based on this book, written by Afonso Bandeira, Amit
Singer and Thomas Strohmer. Parts of these notes are based on previous years’s notes when the course was
held by Antoine Maillard.

These are personal lecture notes, shared for convenience and not intended as a polished or authoritative
reference. They may contain errors, omissions, or informal phrasing, and have not been reviewed or verified
for accuracy. They do not represent the official views of any institution, course, or instructor. Use at your
own discretion — always consult primary sources, textbooks, or your instructor for anything critical.
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1. Feige’s Conjecture

We will start this session with a remarkable conjecture about small deviations stated by Feige [Fei06] in 2006
that is easy to believe, but it seems harder to prove:

Conjecture 1.1. Let Xy,..., X, be non-negative independent random variables with E[X;] = 1. For X :=
Soiy X holds

P(X <E[X]+1)> (1.1)

[

When Feige stated this conjecture, he showed that it holds for o = % instead of a = % by a case-by-case
analysis. This already means that it the probability for a sum of independent random variables to exceed
the mean is bounded away from one.

Feige came up with this conjecture to construct algorithms and guarantees to determine the average degree
d of a graph in sublinear (O(y/n)) time (when the graph has n vertices and the average degree is bounded
away from 0). The original paper [Fei06] provides a very intuitive explanation of this procedure. The upper
bound is indeed easy to prove when 1.1 holds:

Take the following algorithm: In every step ¢ € [N], choose a vertex uniformly at random and count the
number of neighbors, d;. The choice is independent, so with replacement. If the algorithm runs for N steps,
the estimator is given by

.1 X
d:N;di.

Note that it is unbiased and with 1.1, we have

Now, repeat this procedure % times and take the minimal number dpmi, as estimator. Then, it holds

A 1

Pldmin < (14 H)d) 2 1= (1-a)F 21— 5 >

S| Ut

1
€2
Feige [Fei06] shows in his paper that the algorithm that produces czmin also guarantees

P(din > (1 — s)§> >

ifN:%Md% and d > dy for a fixed dy > 0.

Let us go back to the conjecture and convince ourselves that the conjecture is intuitive: First, if X is
symmetric around its mean, then it is clear that the probability is bounded by % So, we have to construct
examples that are not symmetric around its mean. One thing that might come into our mind is Markov’s
inequality: "
P(X <E[X]+1)>1 I

Note that this expression converges to 0 for n — oo and therefore is very uninformative. This is not so
surprising: Markov’s inequality does not need any assumptions and is therefore quite loose. But this is
not the only problem here: For such small deviations, concentration inequalities like Markov, Chebyshev or
Hoeffding are not capable. Instead, they are useful for tail bounds.

An example that does not achieve o = % cannot be symmetric around its mean. Try to construct it as
an exercise:



o |

Exercise 1.2. Construct an example for which o =

Remark 1.3. Feige’s bound of %3 was improved to % by He, Zhang and Zhang [HZZ10] in 2010. Garnett
improved it in 2020 to ~ % Both used moment bounds (Garnett included a bound on third moments, instead
of first, second and fourth). This is possible because Feige showed in his original paper that X; just need to
be supported on two values. Nevertheless, the proofs are non trivial and require many case distinctions. If
you are interested, you should definitely have a look at these papers! The current best known bound is due
to Guo et al. [GHLL20] and yields 0.1798. Some of the techniques used in this paper you should be able to

recognize after a few lectures!

Instead of diving deeper into improving the gap for Feige’s conjecture (1.1), we will focus on a subclass of
distributions for which the constant é indeed holds, namely discrete and continuous log-concave functions.
For this we will follow the work of Alqasem et al. [AAMM?24] from 2024. They showed that (1.1) holds
true for X when it has a discrete log-concave distributions, even with negative support. This generalizes to
sums of independent log-concave observations like in the original conjecture and to continuous log-concave
distributions. The continuous case was already known due to a sharper bound of Grinbaum [Grii60] from
the 1960s.
Let us introduce discrete log-concave random variables:

Definition 1.4. An integer-valued distribution with probabilities {p(k)}rez is said to be log-concave if for
every k € Z it holds

p(k)* = p(k — 1)p(k +1)
and it has a connected support.

First, try to come up with some examples:

Exercise 1.5. Show that the following distributions are log-concave: Discrete Uniform, Geometric, Poisson,
Bernoulli, Binomial. Also try to come up with an example of an integer-valued distribution that is not log-
concave.

The main theorem from [AAMM24] is the following:

Theorem 1.6. Let X be discrete log-concave, then

P(X < E[X]+1) >

[

. (1.2)
They also show that this bound is sharp, i.e. that discrete log-concave random variables can be constructed
that reach % in a limit. By studying the proof, we will see this implicitly.

Remark 1.7. Note that the Theorem is stated without assumptions on E[X], X could potentially be negative
and not necessarily a sum of independent random wvariables is mentioned. But note that the sum of inde-
pendent log-concave distributions is log-concave as well. The discrete version of this is known as Hoggar’s
Theorem and was proven in 1974. We will focus on the X > 0 case because it allows us to skip one step of
the proof. If you are interested in the details, see the original work [AAMMZ24).

We leave the implication for continuous log-concave distributions as a standard probability-theory exercise:
Exercise 1.8. Show that the discrete log-concave case implies the continuous log-concave case.

We will now turn to the proof of Theorem 1.6. The first step reduces the set of log-concave distributions to
the ones with compact support only and is left as an exercise:

Exercise 1.9. Show that it is sufficient to show (1.2) for compactly supported X > 0 only.



Remark 1.10. This part becomes a bit more tricky if we allow X to be supported on all Z.

With this fact in mind, we will show that Theorem 1.6 holds for every log-concave distribution with (ar-
bitrary) compact support. We can further reduce this class by applying the Krein-Milman Theorem which
allows us to study truncated geometric functionals only. It essentially says that extreme points for compactly
supported log-concave distributions are attained by probability distributions of the type

p(k)=Cp*, ke{M,... N},

where C' is the normalizing constant depending on 0 < p < 1, M and N. We can shift M and N to make
X be supported on {1,...,n} in general. First, let p = 1. It is easy to show that (1.2) holds. Therefore,
assume p < 1 now.

Exercise 1.11. Compute C' and show that

forp <1 andn € N.
Having this expression for E[X], we can compute
[E[X]] E[X
1 — plEX)]
P(X <E[X]+1)= Cpr=—"——
(<EXey= Y b=

Now, plug in E[X] and since the expression is non-increasing in n, show that the limit n — oo is reaches %



2. Discrepancy Theory

In class you already learned about Komlos Conjecture. We want to explore the background of this, coming
from Discrepancy Theory. Let us start with an example to motivate this Theory: Suppose you have a set of
n observations X; with m binary observables X;; € {£1} each. For each of the m observables we define the
set S; = {j € [n] : X;; = 1}. The goal is to split [n] into two groups such that the characteristics are equally

split in both groups, i.e. if we have the two groups G1, G2 C [n], it should hold that

|G1 N Si| ~ |G N S

We denote the mapping into the two groups by a function y : [n] — {£1}, where the preimage of {1} defines
G1, and {—1} for G respectively. The discrepancy of this map is the worst difference in sizes of the groups

> x()

JES;

and formally defined as

discx (x) = max
em

where ‘ Zjesi x(J)

Vi € [m].

is simply the difference of numbers of elements in G; and G5 that have characteristic j.

We define the discrepancy of the dataset X as the minimum of discrepancies over all maps:

disc(X) =

min

discx (x)

x:[n]—={+1}

Example 2.1 (Discrepancy with four students). Consider four students: Alice (1), Ben (2), Carol
(3), and Dan (4), who are to be split into two study groups G1,Gs. FEach student has three binary traits:
likes basketball (+1) or not (—1), likes chess (+1) or not (—=1) and likes coding (+1) or not (—1).

traits as a matriz X € {£1}3%4:

1 +1 -1]"
|+l -1 41
X=141 21 41
-1 +1 -1
For each observable i, define
S1={1,2,3} (basketball), Sy ={1,4} (chess), S3=1{2,3} (coding).
Since |S1| = 3 is odd, it is impossible to split S1 evenly between two groups. Hence for any partition

X : [4] = {£1} the imbalance

||G1051|—|G2m51||

is at least 1. Thus the discrepancy of this instance is > 1.

Choose the signing x = (+1,+1,—1,—1), i.e.
Gl = {172}7

Then:

Ga = {3,4}.

For basketball Sy : |G1NS1| =2, |[GaNS1| =1 = imbalance =1,
For chess Sy : |G1N S| =1, |GaNSa| =1 = imbalance =0,
For coding Sz : |G1NS3| =1, |GaNS3| =1 = imbalance = 0.

Thus the mazimum imbalance is 1, which equals the lower bound. Therefore the minimal discrepancy of this

example is exactly 1.



This simple example is easily solved by hand - but it is not so clear how to find bounds if there are more
students and arbitrarily many characteristics. The general discrepancy theory looks at the discrepancy of
vectors:

Definition 2.2 (Discrepancy of Vectors). Given a set of vectors {us,...,u,}, define the discrepancy as
n
disc(uq,...,u,) ;= min €l
(o) =i 1) el

Remark 2.3. This is consistent with what we defined before: The vector u; can be defined as (uj); == lx,,—1
and € defines the mapping x. Therefore, €;(u;); = x(j)1jes, -

In 1985, Spencer [Spe85] showed the following remarkable upper bound for any choice of vectors u; with
[lujlloc <1 and where n = m:
Theorem 2.4 (Spencer: "Six Deviations Suffice"). Let n > 1. There exists a constant C > 0 such
that
disc(uy, ..., uy) < Cyv/n
for all uy, ..., uy € R™ with ||uj||oo <1 for all j € [n].

It is possible to show C' < 6. A nice sketch of the proof can be found in the lecture notes from last year's
course held by Antoine Maillard. One might ask whether the scaling in /n is really necessary. We will
provide an example here:

Example 2.5. A Hadamard matrix of order n is a square matric H € {£1}"*" such that its rows are
mutually orthogonal, i.e.
HH' =nI,.

Suppose these objects exist for a fited n € N. Show that for ui,...,u, being the rows of H, it holds that
disc(u1, ..., un) > /n.
The construction of such Hadamard matrices is not trivial at all. Try to rebuild it for exponentials of 2,
known as Sylvesters construction:
Exercise 2.6. Can you show that Hadamard matrices exist for n = 2F k > 1?2 Start with k = 1 and
construct them inductively using H1 and Hyr to construct Hor+1.
Actually, the existence of Hadamard matrices for general n = 4k (which is necessary for the existence) is
still open:
Conjecture 2.7 (Hadamard Conjecture). For every n = 4k, k > 1, there exists a Hadamard matriz.

Note that in the previous example, we constructed the vectors u with values in {£1}. In Theorem 2.4 we
learned that the discrepancy restricted to the £.-ball can be bounded by order y/n. Note that the £, -ball

is a subset of v/nBs where By denotes the fo-ball. Tt is still open if the bound from 2.4 generalizes to the
{5-ball. This is indeed the statement of Komlos Conjecture that you learned about in the course:

Conjecture 2.8 (Komlos). For every set of vectors with ||u;|l2 <1, it holds that
disc(ug, ... ,up) < K
for a universal constant K > 0.

Note that the conjecture implies Spencer’s Theorem. Recent improvent by Bansal and Jiang [BJ25] shows
that K < O(log(n)#) while it was previously open to improver over /log(n) for more than 25 years.

A lower bound on the discrepancy for the discrepancy for binary vectors is also not known for an infinite
family of vectors:

Open Problem 2.9. Is the value of

sup sup disc(ug, ... u,) > 17
neN fq, Yiem €l \1;717}71



https://anmaillard.github.io/assets/pdf/lecture_notes/MDS_Fall_2024.pdf
https://anmaillard.github.io/assets/pdf/lecture_notes/MDS_Fall_2024.pdf

3. Concentration Inequalities

3.1. Subgaussian Random Variables

In the lecture you proved Hoeffding’s ineuqality for Subgaussian random variables. Let us first recall what
a Subgaussian random variable is:

Definition 3.1 (Sub-Gaussian random variable). A real-valued random variable X is called sub-Gaussian
if it satisfies any (and hence all) of the following equivalent conditions:

1. Moment generating function (MGF) bound: There exists a constant C1 > 0 such that for all

teR,
242
1

t).

2. Tail bound: There exists a constant Cy > 0 such that for all t > 0,

Elexp(tX)] < exp (

2

P(IX| > ) < 2exp (— 5 )-
C3

3. Moment growth: There exists a constant Cs > 0 such that for all integers p > 1,

(E[X[P)'/? < Cs/p.
Exercise 3.2. Try to prove the equivalence of the three definitions.
. . . 0_2 2
Remark 3.3. We say X is o-Subgaussian if Elexp(tX)] < exp (Tt)

Hoeffding’s Inequality states the following:

Theorem 3.4 (Hoeffding’s Inequality). Let X1, Xs,..., X, be independent, mean-zero, o;-sub-Gaussian
random variables. Define the sum S, = >, X;. Then, for any t >0,

t2
P(|Sp| >t) <2exp| — == |,

2 21;1 01'2
where ¢ > 0 s an absolute constant.

We will see now that Hoeffding’s inequality can help us with proving high-dimensional phenomena, but it
also helps us to study the quality of simple estimators by using concentration of i.i.d. observables. We start
with the following exercise:

Exercise 3.5. Find a lower bound for the following question: How many vectors u € R? exist such that
[(uis ug)| < e
for all pairwise u;,u;, © # j?
We can also bound the expected maximum of ¢.i.d. Subgaussian random variables:
Exercise 3.6. Show that for n i.i.d. copies of a o-Subgaussian random variable it holds:

E[m‘ﬁ | Xi|] < Coy/log(n)
€N

for a fixed constant C' > 0.



The following example is taken from [Ver09]. We will use Hoeffding’s inequality to show concentration of
the Median of Means Estimator, independent of higher than second moments. This is possible by combining
Chebyshevs inequality and Hoeffding for bounded random variables.

Theorem 3.7 (Median-of-Means Concentration). Let X be a random variable with mean p and vari-
ance 02, and let X1, ..., Xx be independent copies of X. Then for any 0 < t < /N, there exists an estimator
i=p(Xq,...,Xn) such that
o
]P( L — zt—) < 2exp(—ct?),
| — ul Wi p(—ct)
where ¢ > 0 is an absolute constant.

Proof: For simplicity, assume N = BL for integers B and L. Divide the sample X;,..., Xy into B blocks
of length L and compute the block means

1 bL
:ub:E- Z X’ia b:17"'7B7
i=(b—1)L+1

then define the estimator as their median:
4 =Med(u1,...,u8)-

Step 1: Variance of block means. FEach pu; is an average of L independent copies of X, so
o2

Elp] = p,  Var(um) = -

Step 2: Chebyshev inequality for a single block. By Chebyshev’s inequality,

o Var(y)  o?/L N B
) < ol

]P’( > t = -
My = 1+ = o/ ﬁN)Q 202/N 2L 2
Choosing the number of blocks B = 2 /4, we get

P(ub > u+t\}iﬁ) < i

Step 3: Median-of-means bound. By definition of the median,

g g
IP’(A > u+ t—) < ]P’(at least half of the satisf > u+ t—).
fzpttos 03 Y b Z ptt o

The events {, > pu+to/v/N} are independent and each has probability at most 1/4. Applying Hoeffd-
ing’s inequality for the sum of B independent Bernoulli indicators Z; with expectation bounded by i each
yields
(2)?

o5 ) = exp(—t%/128).

P(ﬂk/ﬂrt%) :P<§Zi > g) < exp(—

Step 4: Symmetry. Similarly,

P(ﬂ < p ) < exp(—cot?/4).

0
VN



Step 5: Combine bounds. By a union bound, we get

g

P(Af >t )§2expfct2,
i nl =t (—et?)
where c is an absolute constant, completing the proof. [ |

3.2. Subexponential and Bernstein

We will close this section with Bernstein’s inequality applied to subexponential random variables. In contrast
to Subgaussian random variables, these can have heavy tails and therefore for large deviations, tail bounds are
governed by a weaker behaviour than in the Subgaussian case. For small deviations, we will see Subgaussian
behaviour, consistent with the Central Limit Theorem. Let us introduce Subexponential random variables:

Definition 3.8 (Subexponential Random Variables). A real-valued random variable X is called sub-
Exponential if it satisfies any (and hence all) of the following equivalent conditions:

1. Moment generating function (MGF) bound: There exists a constant C; > 0 such that for all
tER,
1
Elexp(tX)] < exp (C%R) vt < o
1

2. Tail bound: There exists a constant Co > 0 such that for all t > 0,
t
P(X| > 1) < 2exp (= ).
Cy

3. Moment growth: There exists a constant Cs > 0 such that for all integers p > 1,

(E[X[P)'/? < Cap.

Exercise 3.9. Show that the following Random Variables are Subexponential
e Any Subgaussian
e Poisson
e FExponential

Why are we interested in Subexponential Random Variables at all? If we want to show concentration of
| X |3 for a random Gaussian vector X consisting of n independent Gaussian entries, we can see by Gaussian
Tail bounds that

B(X[3 > #) ~ exp(~C?) (3.1)

instead of —Ct2. This is because X? does not behave Subgaussian anymore and has heavy tails. We still
expect concentration in (3.1), but with slower rate. We will make this rigorous now.

Theorem 3.10 (Bernstein’s Inequality for Subexponential Random Variables). Let Xi,...,X,, be
independent, mean-zero subexponential random variables with parameters vy, ...,v,. Then for everyt > 0

we have
P ) X;| >t| <2exp | —min e !
2 K|zt ) <2exp 4370 v} 2maxie)y) |vil

i=1

Exercise 3.11. Prove Theorem 3.10 with the Chernoff bound you learned in class.

11



4. Approximate Message Passing Algorithms

In class, you learned about Principal Component Analysis to recover the leading eigenvector of a matrix.
For some statistical estimation problems, this is an efficient algorithm (meaning it succeeds in polynomial
time), but not the best algorithm, i.e. there exist algorithms that achieve a better approximation to the
solution of a statistical estimation problem than PCA while still running in polynomial time. We illustrate
this with the problem of Zs-Synchronisation. This studies the following model:

(E.TT

where A > 0 is the signal-to-noise ratio, z € {£1}" is the signal we want to recover and comes from the prior
1, and the GOE matrix W has independent (up to symmetry) Gaussian entries with variance % off-diagonal,
and % on the diagonal.

We know from basic statistics that the Bayes Estimator is the best estimator for the respective error.
If we take the fy-norm, this corresponds to the expectation under the posterior P(z | Y). Therefore, let us
derive the posterior when p is the uniform prior:

1

fY)

n T
xcexp(— LY = A=5[F) w(z)

A
X exp <2zTYz) ,

where we used the Gaussian density of the GOE and dropped terms that do not depend on z. From this,
we can derive the expectation of each coordinate x; given the realisation of all remaining = _;:

exp(Az; Zj;ﬁi Yijz;)
exp(A D, Yija;) +exp(=A ), Yija;)
exp(AY;x_;)
exp(AYiz_;) + exp(=AY;z_;)

— Tt
_pia

Pla =2 |Y) = (¥ | 2)u(2)

]P(Iz =1 | Y,.T_z') =

where Y; denotes the i-th row without entry i. This yields
Elz; | Y,z = p{ —p; = tanh(\Yiz_;). (4.1)
Naively, to find m; = E[z; | Y], we could try to find the non-zero solutions of
m; = tanh(A\Y;m_;), (4.2)

which is the solution to find stationary points of the mean-field free energy

A 2 1+m; 1+m; 1—m; 1—m;
Fur(m) = -3 ZYijmimj + Z [ 5 log 5 + 5 log 5
i#] i=1

The function h(m;) = 1';"” log 1+2"” + 1_2”” log 1_2"” is the binary entropy function for m € [—1,+1]. Note
that we implicitly used Jensen’s inequality to get from (4.1) to (4.2) and we assume that the system can be
described through its mean fields only. We will see now that this simplification is not true in the case of a
Gaussian noise matrix W. Instead, we observe the problem of backtracking, such that an algorithm finding
the fixed points of (4.2) does not lead to the Bayes optimal solution. Instead, it will push high noise nodes

12



more and more. Let us consider m{~1) at time step t — 1. Note that node i influences all other nodes j # i
inside the tanh by )\inm:ﬁ*z. So, it backtracks in time step t to node i again by
mi = tanh(z )\Yijm(-t*-l) + Z )\YijAmg-tA))

2~
J#i JFi

where m§t71) = tanh(\Y;m',?—\Y;;m!?) denotes the update without backtracking and Am;tfl) = m;tfl) -

,—1

mgt:ll ). A first order Taylor approximation yields
mgtil) = tanh(\Y;m'?) — AinmY*?)(l — tanh®(AY;m'5?))
t—1 t—2 t—1
=D AY;m{P (1 - ()2,
This gives

t—1 2v 2 t—1)\2 t—2
mt = tanh(z )\Yijmg-,_i) + Z)x Y;(1— (mE )) )mE ))
J#i j#i
and the second term inside tanh is of constant order as the entries of Y are of order %7 Note that if Y was
scaled with in, the second term vanishes in the n — oo limit and the naive approximation would lead to
the optimal solution. We will see later in this course, that the optimal update is without backtracking, so
we want to get rid off 3-.; N?V2(1 — (mﬁt_l))Q). The Approximate Message Passing algorithm removes the
backtracking part in every step by the following algorithm:

(t—1))12

B on oy ImEDBY iy

m! = tanh Z)\Yijmj —A (1 - . (4.3)
J

Subtracting the second part is called Onsager Correction. This expression aims to minimize the TAP free

energy, named after Thouless, Anderson, and Palmer:

A - M (0 |Imli3 Y’
FTAp(m) = —5 ZYijmimj + Z h(ml) — T 1—-——= .
=1

— n
i#]

It was shown by Montanari and Venkataramanan [MV21], building on the work of Deshpande, Abbe, and
Montanari [DAM16] that the AMP algorithm (4.3) converges to the Bayes optimal estimator in the sense
that

. 1 . .
tli)ngo nh~>nolo ﬁ ||m(t) (Y) (m(t) (Y))T - XBayeSX];EraycsH%’ — Oa
when \ is above the algorithmic threshold and under suitable initialization m(®). Moreover, Celentano et
al. [CFM23] prove (after Fan et al. [FMM21] proved it partially) the existence of stationary points of the
TAP free energy corresponding to Bayes-optimal estimators of x in this model in the n — oo limit and derive
an efficient algorithm.

4.1. Plefka’s Expansion and the TAP Free Energy

Another heuristic to motivate the TAP free energy (instead of the naive mean-field free energy) is the Plefka
expansion [Ple82]. The idea is to approximate the Gibbs potential (i.e. the Legendre transform of the log-
partition function) by a Taylor expansion around infinite temperature (equivalently, around zero coupling
A = 0). At infinite temperature the posterior distribution is the uniform measure, and the Gibbs potential
reduces to the binary entropy function. Expanding around this tractable point and keeping terms up to
second order in A gives exactly the TAP correction term that we encountered earlier.
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Consider a general Ising model with Hamiltonian
A T T n
Py (z) o exp (533 Jx+h x), x € {£1}",
where J is a symmetric interaction matrix and h is an external field. Define the log-partition function

F(Ah) = log( Z exp(%xTJx + th)>
ze{£1}"

The Gibbs potential (or free energy expressed as a function of mean magnetizations m € (—1,1)") is the
Legendre transform

Tx(m) := s1}1bp (hTm — F(A, h))

where the supremum is achieved at the field h that produces mean magnetization m = Ey j,[x]. By Legendre
Duality, it suffices to approximate I'y(m) for all m to obtain F(A,0).
At A =0, the spins are independent with P(x; = 1) = (1+m;)/2. In this case, it is easy to compute that

n

To(m) = Y [Lg2s log s o 15 logLoges .
=1

This is exactly the sum of binary entropy functions.
Expanding I'y(m) in A around 0 gives (see [Ple82]):

Ta(m) =To(m) — %mTJm - ’\; Z J5(1 —m?)(1—m3) + O(N). (4.4)

Minimizing this over m gives —F (), 0) directly by duality.
e The first correction —%mTJ m is exactly the naive mean-field energy.

e The second correction —)‘72 Do J%(1 = m?)(1 —m3) encodes the effect of pairwise fluctuations. This
is the so-called Onsager term.

Exercise 4.1. Let
F(a,h) = log Z exp(%a:TJa: + hTm), Lo (m) =sup (h"m — F(a, b)),

ze{£l}n h

where J is a symmetric matriz and m € (—1,1)". Denote by h(a, m) the (unique) maximizer in the Legendre
transform so that the Gibbs measure with parameters (o, h(a,m)) has mean m.

Lo (m)

1. Compute OLa(m)
Ja

a=0

2
2. Compute ag%.[gm)

a=0
Solution 4.2. We will use the relation
Fa(m) = h(O[, m)Tm - .F(OZ, h(aa m))y
and the fact that h(c,m) is chosen so that OpF (c, h(a,m)) = m. Throughout let (-)o 5 denote expectation

under Py, ()  exp (%xTJx + hTJ:).
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Note that

oF T OF
D0 (o, h) 7<x Jx>a7h, o, — (o, h) = (i) an-
Also, for any observable O(z),
9 0y =C (o1 TJ) 0 20y p = Cova (0, 2:)
da a,h = LOVq p ) 21; xz an ahl a,h = LOVa h » Li)-

Differentiate To(m) = h"m — F(a, h) at fized m.

Ol (m)  On" OF T 0h
o~ oa™ a0 V) Ga

But Vi F(a,h) = (x)a,n = m for h = h(e,m), hence the terms involving Oh/Oc cancel, giving the simple

identity (valid at the maximizer h(a,m)):

dly(m)  OF 1
o f%(a h(a,m)) = f§<xTJx>

a,h(a,m)’

is determined by

Evaluate at o = 0. At o = 0 the spins are independent under Py p(0.m) and h(0,m)
2y = 1. Hence

arctanh(m;) = h;(0,m). Independence implies (x;x;)0.n, = mym; for i # j, while (x;
EEENTED SECINES SERAES SR
i#]
If we assume J has zero diagonal, we arive at the desired term. Now differentiate the identity
al', 1, ¢
- = J
Ja 2<:c x>

once more w.r.t. «, remembering that h depends on « (but m is held fized). Using the covariance identity,

a,h(a,m)

ICARER DN

0 1 Oh;
%@T‘]@a,h = ivaraqh(ﬂjf) + Z; da

Thus e o,
o 1
a2 Vara w(@TJr) — = Do

Covy, n(x Jz, x;).

We now evaluate at o = 0. At o = 0 the measure factomzes, which greatly simplifies covariances. A direct
but elementary computation (expand variances and covariances into sums over indices and use factorization
at o = 0) yields the standard second-derivative Plefka result:

M) :_,ZJQ (1—m2)(1—m j)

Oa?

Specialization to Z,; Synchronization. For the Zs synchronization model, we have J =Y and h = 0.
Since Y is drawn from a GOE matrix with variance 1/n off-diagonal, we have

m2 2
2 ¥ —m(—m xS m - ) = (1 1202)

2%

Optimizing the approximation of I'y recovers the TAP/AMP update

mﬁ ~ tanh ()\ Z Yijmg-t%) -\ <1 — 7Hm(t:)“§)mgt72)),
J
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and the TAP free energy
A A2 ml|2 ) 2
Prap(m) = To(m) = §m"Ym — = (1 - %) + OO,

The Plefka expansion provides a systematic justification for the TAP correction. At infinite temperature,
spins are independent. As the coupling increases, the expansion shows which fluctuation terms must be
included to avoid overcounting correlations. This motivates why the TAP equations and the AMP algorithm
achieve Bayes-optimal performance in spiked random matrix models, while naive mean-field fails.

4.2. State Evolution for AMP

The dynamics of the Approximate Message Passing (AMP) iteration (4.3) can be accurately tracked in the
high-dimensional limit by a scalar recursion, the state evolution (SE). Below we state the SE equations for
the Zs-synchronisation model

-
Yy =22 hw, ze {1
n
and for the AMP iteration written in the generic form

u® = YmED b w2 @ = pu®),

. . . o . . a2 [lm¢=D)2
where f(-) = tanh(:) in our previous derivation and the Onsager coefficient is by_1 = A*(1 — ——12). We

will now remove the Onsager correction, but sample the noise independent in each update step. We hope
that this removes the pairwise correlations. Write

T T t—1
Yt = AE D 4 ) = (S m ))x + WmY,
n n

The first term is aligned with the signal z. The second term is approximately Gaussian with (coordinatewise)
variance X [[m(*=V[|3. Thus the field at coordinate i is, in the limit n — oo, approximated by

uit) g Mt 4 + O'tZ7 ZNN(O71)a

for scalar parameters p:, oy > 0 that depend only on the previous iterates.
Define the scalar field variables (ut, 0¢) by the following recursion. Given (u¢, 0¢) define the random field

H = X+ o2,
where X € {£1} is with P(X = 4+1) = P(X = —1) = 1/2 and Z ~ N(0,1) is independent. We can derive
that the state evolution updates under a uniform prior are
pesr = AE[ X f(Hy) ], (4.5)
Opy R /\QE[f(Ht)z]~
A fixed point of SE satisfies
p=NEX f(uX +02)] =E[f(u+02)], o*=NE[f(u+02)].

It is possible (see [DAMI16]) to reduce the two-dimensional recursion (p, o) of state evolution to a single
scalar recursion in terms of the effective signal-to-noise parameter

2

I
Yt = ;Zg~
One obtains
Y = ME[tanh (v + 3 G) [, G~ N1, (4.7)

In particular:
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e v =0 is always a fixed point, corresponding to zero overlap;

e For A > 1 a nontrivial fixed point v* > 0 appears, yielding positive correlation with the signal and
Bayes-optimal estimation (in the sense of asymptotic mean squared error).

Equation (4.7) is therefore a convenient tool to study thresholds and to visualize the algorithmic phase
transition. The SE recursion determines whether AMP converges to the trivial fixed point (u,0) = (0, \)
(no correlation with the signal) or to a nontrivial fixed point with p > 0 (positive overlap). The transition
is governed by the scalar recursion and depends on A and the nonlinearity f (here tanh).

Practical exercises.

1. Implement the SE recursion numerically: at each step sample (X, Z) a large number of times (or
approximate the Gaussian integrals by quadrature) and compute the expectations in (4.5)—(4.6).

2. Compare the SE prediction with empirical AMP runs on simulated spiked-Wigner matrices for several
values of A and initialisations.

17



5. The Semicircle Law

This section is based on [Taol2], Chapters 2.3 and 2.4. The moment method is a classical approach to
studying the limiting spectral distribution of random matrices. For a sequence of random matrices X,,, one
considers the moments of their empirical spectral measures and identifies their limiting behavior as n — co.
In particular, for Wigner matrices, the moment method leads to the celebrated Wigner semicircle law.
Let M, = (&;)1<i,j<n be a real symmetric random matrix with entries satisfying:

o (&ij)i<; are independent and identically distributed (i.i.d.) random variables with mean 0 and variance
1/n.

o ¢;; (diagonal entries) are real random variables with mean 0 and variance 2/n (in some conventions).

The empirical spectral distribution (ESD) is defined by

1 n
b, = Z%(Mn)a
i=1

where A1, ..., \, are the eigenvalues of M,,.

Remark 5.1. Note that the ESD is a random probability measure.

5.1. Convergence Types

We can define convergence of the empirical spectral distribution in several senses:

e In expectation: For every bounded continuous function f, we have
B | [ ), @] > [ 1) ducto)
e In probability: For every bounded continuous f and every € > 0,

P (] [ @i, @)~ [ 5@ dnete)

>5>—>0.

e Almost surely: With probability one, for all bounded continuous f,
[ 1@ duss, (@) > [ 1) discta).

Convergence in expectation is the weakest, while almost sure convergence is the strongest form. Since we
are talking about random measures, we have three different notions of convergence for a distribution.
Let ps. be the measure with density

1
pse(T) = oV 4— 22 1<2.

Theorem 5.2 (Wigner Semicircle Law). For the sequence of Wigner matrices (M,,) defined above, the
empirical spectral distributions converge weakly, almost surely, to the semicircle distribution:

a.s.
/u/]\/[n — Msc-

We will first establish convergence in expectation. The stronger result, almost sure convergence, follows
by refining the arguments using concentration inequalities and the Borel-Cantelli lemma.

18



5.2. The Moment Method

Moments play a central role in this approach. Under mild assumptions (e.g., subgaussian tails), convergence
of all moments uniquely determines the limiting distribution by Carleman’s continuity theorem.
In particular, the semicircle distribution satisfies Carleman’s condition, ensuring that the moment se-

quence
/ o* dppse(x)

uniquely identifies ps.. We will implicitly prove that the operator norm of M, is bounded by bounding
the trace moments (see Exercise 5.4). This guarantees that the subgaussian assumption is valid for our
arguments. Moreover, we assume each entry satisfies |¢;;| < K. For Wigner matrices, K = 0,,(1) with high
probability, and thus it vanishes in all our asymptotic bounds.

We study the expected k-th moment of the ESD:

Bl ()] =B | [ 2* e, ()] = 1 [1(012)).

Exercise 5.3. Show that for any integer k > 1 the k-th moment of the empirical spectral distribution equals
the normalized trace:

1
k k
d = —Tr(M)).
/3j 120,78 (3?) n ( n)
Conclude that convergence of the quantities %E[Tr(Mﬁ)] for all k is equivalent to convergence of the moments

Of /’[’Mn °

Exercise 5.4. Let M be an n x n real symmetric matriz and let ||M|| denote its operator norm (largest
absolute eigenvalue).

1. Prove that for any integer r > 1,
1] < (T(ar>n)) .

2. Deduce a lower bound and show that if the normalized trace moments %Tr(MQT) remain bounded
(uniformly in n) for all v, then the operator norm ||M|| can be controlled (uniformly in n).

We will show that the expected trace moments of M,, correspond to the moments under p..

Lemma 5.5. For k odd it holds that

/ ¥ dpse(z) =0
R
and for k even it holds that
/ 2 dpge(z) = C
R 2
where Cg denotes the g—th Catalan number.

Expanding the trace gives

n

E[Te(MF)] = Y Bl Civin -

i1,eyin=1

We do a warm-up by not directly computing tight bounds and bound all moments for £ < 6. From this,
we will see how to generalize and make the bound tighter by a counting argument later.
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5.2.1. Odd Moments
It holds that
E[Tx(M,)] =E

3 s] —o.
i=1
Moreover, convince yourself that E [£;,i,8isis -+ - Eiriy) = 0 whenever k is odd.

5.2.2. Even Moments
Exercise 5.6. Show that E [Tr(M?2)] = O(n).

For the fourth moment, we make a case distinction. First, assume that all pairs {i;,4,;11} are different.
Then, assume that at least one edge {i;,7;41} is not repeated at least twice. Prove in both cases that the
expectation of the product of the cycle is E [H &is i +1] = 0. Then, it remains to count the cases where each
edge is repeated at least twice and bound it.

Exercise 5.7. Show that E [Tr(M2)] = O(n + K?n).
In the case k = 6, we follow a similar approach

Exercise 5.8. Show that E [Tr(ME)] = O(n + K*n + K*n).

5.2.3. Tighter Bounds and general k even

The previous computations showed us that most cycles vanish in expectation. We only have to consider
those where each edge occurs at least twice. Moreover, when K = 0,,(1), we saw that the terms disappear
when j < g edges span the cycle. We make this rigorous now for any even k:

e Suppose 1 < j < % distinct edges span the cycle, each occuring at least twice.

e Denote the multiplicity of each of the j edges by a1,...,a; > 2 with Zgzl a; = k.

o We can bound the number of cycles with j edges by O(nj 4 1) because they span at most j+ 1 vertices.
e Bound E[¢;, i, ... &ipiy] < K172, ..K“J“Q% = Kk_Qjﬁ.

+ The contribution per 1 < j < £ is thus bounded by O(nK*~27) = o(n) for K = 0,(1).

e The number of such 1 < 5 < g is bounded by (g)k and independent of n.

Hence, the only non-vanishing influence comes from cycles where each edge is repeated exactly once. We
call these non-crossing cycles. In this case it holds that

Ef&iyia - - - Cigyia] = %
It remains to count the number of non-crossing cycles.
Lemma 5.9. The number of non-crossing cycles of length k (even) in {1,...,n} is
Cin(n—1)...(n— g),
where Cg = ﬁ(g) is the g—th Catalan number.
We conclude:
E [Tr(MF)] = Cin(n—1)...(n— g)n% = Cr(1+o(1))n.
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Remark 5.10. We can use the same analysis to prove E [|Tr(MP})|?] = n?C3 +o(n?). This implies that the
2

Variance is vanishing and we can establish convergence in probability. Moreover, by using Theorem 2.3.21
in [Tao12], we can establish almost sure convergence.

21



6. Optimality and Suboptimality of PCA

This section is based on [PWBM18]. We investigate in the question whether PCA for the spiked Wigner

model
T

Y =2 4w
n

is an optimal algorithm for detection. We already have seen that for recovery, the algorithm is suboptimal
in a Bayesian sense, but can the threshold for detection be lowered below A = 17 This question is of statistical
nature: Can we distinguish between two models with a statistical test?

Definition 6.1 (Distinguishablity). Let (P,,Q,) be two sequences of probability measures on (Qy, Fr)
with Qn, C Q. A measurable function f: Q — {0,1} strongly distinguishes P, and Q, if

P(f7'{1D)) =1, n— oo,

Qn(f7H({0}) =1, n— oo

P, and Q,, are indistinguishable if no such function f exists.

It is simple to find a sufficient condition for distinguishability based on Le Cam’s contiguity:

Definition 6.2 (Le Cam’s Contiguity). @, is contiguous with respect to P, if for all sequences (A, )nen
such that A,, € F,

lim P,(4,) -0 = lim Q,(4,)=0.

n—oo n—oo
Intuitively, this means that almost sure events under P, have to occur almost surely under @,, in the large
n limit as well. Now, we can show that this implies statistical indistinguishability:

Lemma 6.3. Assume Q,, is contiguous with respect to P, or P, is contiguous with respect to Q,, then Q,
and P, are statistically indistinguishable.

Proof: Try to prove this by contradiction as a small exercise. |

Now we aim to find a sufficient condition to show contiguity. Therefore we introduce the Likelihood Ratio

between @), and P,:
dP,
Ly :

Q.

which defines a random variable on (9, F,,). This ratio helps us to show contiguity between two random
variables.

Lemma 6.4 (Lemma 2.3 in [PWBM18]). If the second moment of L, remains bounded under Q,, i.e.

P, \?
()

<C

Eq,

then P, is contiguous w.r.t. Q.

Proof: Exercise. Hint: Use Cauchy-Schwartz.

Solution:
dP, 1 941 1
EP% [An] = dQn < Qn(An) 2 EQn [Ln] 2 < CQn(An) 2
A, dQn
implies that @, (A4,,) — 0 implies P,(A,) — 0. [ |
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We want to derive the largest A now for which we can show contiguity of

P,:Y =X\zz" + Wa, z~my,

N
1
where W,, is a Gaussian Wigner matrix. The results will depend on the prior m,. If we can show for a prior
that P, is contiguous w.r.t. @, for all A < 1, we know that PCA is optimal for these cases!
For our results, we require m to be a spike prior such that its support concentrates around the sphere
S"~1: For every € > 0 it holds

Tn(l—e<|z]|<14+€) —0, n— oo

The BBP transition guarantees PCA to converge almost surely if ||z|| = 1, so for a spike prior, we get
convergence in probability. Depending on the prior, we get the following bound on the likelihood ratio:

Lemma 6.5. Let x,2’ be two independent copies from m,,. Then,
P, \*
dQn

AQu(Y) = s expl=tr(v?) ay

for real symmetric n x n-matrices Y and Z(n) is the corresponding normalizing constants. Moreover, by
construction it holds

Eq,

=E, o [exp(nA?(z'2")?)]

Proof: First, it holds that

tr((Y — dzxT)?)

APA(Y) = =B fexp(— )

L
Z(n)
This implies

ap,
dQn

r((Y — Azx T)2) — tr(Y?
(V) = E, [exp(_t (Y —Azz)*) —tr(Y ))]

4
2 2,.2
=E, |exp (A Zi’j T 2A Zi’j Yijmixj)] .

4

Hence,

(42

B, |Eq. [exp (Aznac 22T +2(@) Ty~ T ((zaT, 22T + <x’<w’>T7x’<x’>T>)>H

Eq,

=F, . |exp <TH$$T + a2/ ()] - = ((mmT,xacT> + (x’(x’)T,x’(x’)T>))]

- )\2
= ]Ez,a:’ exp (2n<xax/>2>:|

where the second step comes from the moment generating function of Y;; and the independent entry structure
(up to symmetry). [ ]
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Now, we want to know in which cases this expression is bounded. Based on the previous chapters, we can
directly relate this to Subgaussian priors.

Lemma 6.6. Assume x|

2
z' s a %Z-Subgaussian random variable. Then, Eq,, [(jgn) } remains bounded if
A<

Proof: Tt holds that

. oo (22 )] = [ (o (M) 2 )

which is finite if and only if ﬁ >1,ie A< % [ ]

Remark 6.7. We can derive that x 'z’ is %Z-Subgaussian if m, is only supported on the sphere and is %2—

Subgaussian itself. We say that a R™-valued distribution m, is %—Subgaussz’an if for everyv € R", X ~ m,

2|[,112
v
Efexp(v” X)) < exp(ZVE)
o2-Subgaussian i.i.d. priors can be transformed into %—Subgaussian priors on R™ (X; ~ ﬁ,u i.i.d.). Hence,
the uniform prior on the sphere which is 1-Subgaussian provides a contiguous model P, to Q, whenever

A< % By a conditioning argument, it is actually sufficient to be %—Subgaussian also for every spike prior

Tn, not only supported on the sphere, e.g. the Gaussian i.i.d. prior.

Are there priors that provide more information than uniform on the sphere or a Gaussian prior such
that PCA is suboptimal and the recovery threshold is smaller than 1?7 We will try to answer this question
by studying a sparse prior. Note that an unbounded likelihood ratio does not necessarily imply that two
models are distinguishable! We will do the following analysis to get a first insight that A = 1 might not be
optimal for every prior, but we will also see that the likelihood method does not give sharp estimates for
this. Consider the following i.i.d. prior for each coordinate: Let p € (0,1) and

L

with probability 1 — p,

X, = , with probability £,

S

with probability £.

\
o

2

Exercise 6.8. Show that this sparse Rademacher prior is a spike prior.

What is the Subgaussian parameter for this prior?
Lemma 6.9. The sparse Rademacher i.i.d. prior with parameter p € (0,1) is o-Subgaussian with
o? = sup 2 log(1—p+ pcosh(i)).
teRr 12 VP
For p > L it holds that o = 1.

37
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Proof: Tt holds that
E [exp(tX)] (1 p+pcosh(—t ))”
X =(1- .
NG

Hence, the entrywise prior is o2-Subgaussian if

2
F,(t) =log (1 - p—l—pcosh(\;ﬁ)) < 02%

for all t € R. Tt holds that F,(0) = 0, F;(0) =0, F,/(0) =1, F,ES)(O) =0, Fp(4)(0) = 3 — . Therefore, for
p < 1, it holds that the smallest o to satisfy Fp(t) < 02§ for all t > 0 needs to be smaller than one. For
p > 3, it actually holds true that

sup F/(t) = F,/(0) = 1.

teR

Therefore, F,(t) < % for all t € R. [ |

Remark 6.10. We know that PCA is optimal when p > % What do we know for p < %? In the same
paper [PWBM18] show that conitguity still holds for p* > 0.184 by a conditioning method. This also shows
that o > 1 is not a necessary condition for contiguity here! The optimal threshold for which detection is
possible for X < 1 has been proven to be p = 0.09, although no polynomial time algorithm (including AMP) is
known to solve this - a classical example of a statistical-computational-gap. This holds for any constant
p. If p depends on n (decreases in n), we get extra information on the sparsity. If it is much smaller than
constant, then there arises another gap: For p small enough there exists an algorithm that succeeds (diagonal
thresholding), whereas for p large enough, it is conjectured that no polynomial time algorithm succeeds for
A<,
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7. Random Graphs and Finding Cliques

In this section we will deal with the following graphs: Given a vertex set V with |V| = n, connect two
vertices and add it to the set of edges F with probability p independently. This is one version of the so
called Erd6s—Rényi (ER) model and we write it as G(n,p). A clique of size k is a complete subgraph of
G, i.e. a subset of size k of V' such that all vertices are connected.

Proposition 7.1. The expected number of cliques of size k is E[X}] = (Z)p(g)

The intuition of this is that we count the number of possible cliques of size k and compute the probability
for each clique to appear in the model.

Proof:
EXy) =E[ > lcec]= > E[loed]

C:|C|=k C:|C|=k
Therefore, we only have to compute the probabilities of each event and count the number (note that the
events are not independent in general!!) The number of cliques of size k is given by (Z) The probability
that one clique is contained in a random graph is the product of the probabilities that each edge is included.
In a clique of size k there exist (g) edges. Therefore,
(2)
Ellceg] =P(C € G) = p\2/.
Combining everything yields the result. ]

We can see that for k& > log(n), the expected value goes to 0 and therefore, a large clique should be
unlikely. With the use of Markov’s inequality, we can make this intuition rigorous and state the following
for the ER model with p = % for simplicity.

Corollary 7.2. For k=2(1+ 10&%) logy(n) and G ~ G(n, 1), it holds that P(X), > 0) — 0 as n — occ.

Proof: We use a bound on (")

k
n n! nn—1n—-2 n—-k+2n—-Fk+1 &
= = — . <n".
k m—kK kk—-1k—2 2 1 -
Therefore,
E[X,] < nk(l)(é) _ gklogy(n)g— U 9 dk(2log,(n)—(k—1))
- 2

Hence, choosing k = 2(1 + €,,) logs(n), it holds

E[Xk} S 2(l092(n)+5n)(5n logy(n)+1) =n 10g2(”)+12€n(€n logy(n)+1))

Hence, for ¢, = @, E[X;] < O(%). Now, we can estimate the probability P(X; > 0) with Markov’s
Inequality:
1
P(X,>0)=PX; >1) <E[X;] <O(=) =0, n— oo. [
n

This proof strategy was based on a first moment method. In order to state a lower bound on the largest
clique, we need a bound on the second moments as well. A combinatorial argument (see [AS16¢|, Theorem
4,5) gives us the following result:

Proposition 7.3. Let k(n) = 2logy(n) and € > 0. It holds that

E[X?
lim [ (l—E)k(n)}

=1.
n—oo B[X (1 _cyp(m)]?
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To conclude that this implies a lower bound on the size of the largest clique that matches the upper bound,
is left as a simple exercise.

Exercise 7.4. Apply the Payley-Zygmund inequality to prove that with high probability a clique of size 2(1+
€)logy(n) emists.

Now that we proved that the largest clique is of size 2log,(n), one important question is how to find
large cliques in reasonable time.

Question 7.5. Can you come up with an algorithm that can find cliques of size = log(n) with high proba-
bility?

The very simple greedy algorithm finds cliques of size &~ log(n) with high probability:

Proposition 7.6. With high probability, the greedy algorithm finds cliques of size log(n) — log(log(n)) <
k <log(n) 4 log(log(n)) in the limit n — oo for G ~ G(n, 3).

Proof: Let us first show that & < log(n) + log(log(n)) by showing that the algorithm has terminated after
log(n) +log(log(n)) steps with high probability. Assume the algorithm has run for & steps and produces the
clique Cj. Suppose that N vertices have edges to all vertices in C}, but have not been added yet. Then, in
step k + 1, one of these vertices will be added and the expectation of the number of vertices Ny11 given the

value N, > 1 is

Nk2—1 < %

If N, = 0, the algorithm has terminated. We can now bound E[N}] iteratively. For k = 0, the set of possible
vertices is n. Hence,

E[Nyt1 | Ni] =

E[Nyi1] <E[2F] <. < S E[Ny| = .

2
Therefore, for k = logy(n) + log,(log,(n)), it holds:

1
BN < logy(n)

and again,
1
logy(n)
Hence, the algorithm has terminated with high probability. Let us now show the lower bound. At step k
assume that the algorithm has terminated. The clique C' that has been output is of size at most k. The
remaining vertices do not have an edge to every vertex in C. The probability that one vertex does not have
1

an edge to all vertices in C' is at most 1 — 5. Since the probabilities are independent for the > n —k vertices,

the probability of terimating before k is bounded by

P(N, > 1) <

(1— )" < (exp(~

= i

2k

For k > logy(n) — logy(logy(n)), the probability of terminating is bounded by

]. n 1
(exp(*jk))”"" < exp(*fkg) — exp(—2(~ oEa(m) 1083 (02 (M) 3 ) g (— Ogg(n)) =

Exercise 7.7. What is the expected runtime of the greedy search algorithm until it terminates?
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We showed that one specific algorithm that terminates in polynomial time can find a clique of roughly half
the size of the largest clique. An exhaustive search over all cliques would find the largest clique, but take
longer than polynomial time. So, we will deal with the question whether there exists an efficient (polynomial
time) algorithm that finds a larger clique than of size log,(n). The failure of greedy search can have two
reasons: On the one hand, it is very rigid: Once we add a bad vertex, we can not remove it to move to a
better clique. On the other hand, there exist many more cliques of size log,(n) than of 2log,(n). So, would
an algorithm that allows to remove vertices actually find the larger clique in polynomial time or would it be
stuck in the set of the many more smaller clique for a long time? We try to answer this question by studying
Markov Chain Monte Carlo algorithms that aim to sample from the following distribution:

Definition 7.8. Let G = (V, E) be a graph and Q. the set of cliques of size k < n that are contained in G.
The distribution py on the set of all cliques contained in G, i.e. UZ:O Qy is given by

i (K) oc AL

Remark 7.9. For A > 1, ux favors larger cliques over smaller ones. A sample from this distribution can
therefore be expected to be useful for X large enough. For constant X\, there is still an energy-entropy trade-off
that favors smaller cliques, but when we increase X, this effect should vanish. Indeed, for A = n, only the
largest cliques should dominate.

The Idea of MCMC The main idea behind Markov Chain Monte Carlo (MCMC) methods is to generate
samples from a target distribution 7 by constructing a Markov chain whose stationary distribution is pre-
cisely w. If we let P denote the transition kernel of the chain and g its initial distribution, then as t — oo,
the distribution of the chain pgP? converges to 7 (under mild assumptions on P). In practice, we hope that
for sufficiently large, but finite, ¢, the distribution poP? is already close enough to , or at least shares many
of its important properties, so that the generated samples can be treated as approximately drawn from the
target distribution.

Jerrum [Jer92] proved more than thirty years ago, that a simple Markov Chain with stationary distribu-
tion py will take longer than polynomial time to reach a clique of size > (1 + €) logy(n) from a worst-case
initialization independent of the choice of A and hence, does not improve over the rigid greedy search al-
gorithm. Define the Metropolis Process on the state space of cliques for A > 1 by the following transition
kernel:

1 if K c K')|K'AK| =1,
(K, K)={ 5, i K CK|KAK|=1,, P\(KK)=1- Y PR(KK).
0, if | K'AK| > 2, K#K'

Exercise 7.10. Check that Py indeed defines a transition kernel for a Markov Chain.

In every step of the Markov Chain, one vertex is either added (with probability %), removed (with probability

ﬁ), or it stays in K. This Markov Chain satisfies the detailed balance equations for m = py:

T(K)P\(K,K') = 7(K')P\(K', K).

Hence, P, is reversible and has stationary distribution py. In particular, in the ¢ — oo limit, the Markov
Chain will converge to uy, independent of the starting state. We are interested in the convergence rate and
in particular, if the distribution is mostly supported on large cliques if ¢ = ¢(n) is chosen polynomially in n.
Jerrum [Ter92] proved that this is not the case, independent of the choice of A\. To prove this, we introduce
the notion of m-gateways which a Markov Chain has to pass in order to reach a large clique of size m.

Definition 7.11. For n > m > k, an m-gateway of size k is a clique K of size k such that there exists set
of cliques Ky, ..., Ky with
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s Kop=K,

o |[KiAK 11| =1, fori=0,...,s—1

o {K;}i>1 does not pass a clique of size k anymore, i.e. |K;| >k for1 <i<s,
o |K4|=m.

We will see that the gateways are very rare among all cliques and therefore, intuitively, it will take very long
to finally pass one of the gateways. The following Lemma proved by Jerrum [Jer92] states precisely that for
a choice of k < m = [(14¢)logy(n)], the proportion of m-gateways of size k is less than polynomially small
which make the m-cliques inaccesible for a large number of paths that the Markov Chain would choose.

Lemma 7.12 (Lemma 1 in [Jer92]). Lete >0, k = [(142¢) logy(n)] and m = [(1+4¢)logy(n)]. Denote
the set of m-gateways by Ck . Then, with high probability over the ER graph G(n, %), it holds

|Ck m| —-Q(1
Zkml og(n)) 71
= (1)

Fix a graph G now that satisfies (7.1). With this Lemma we can show that the Markov Chain will not pass
an m-gateway with high probability (over the Markov Chain) in nf2(°8(") time:

Theorem 7.13 (Theorem 2 in [Jer92]). Let ¢ > 0, k = [(1 + Z¢)logy(n)], m = [(1 + €)logy(n)] and
A > 1. There exists an initial state K with |K| < k such that the expected time to reach a clique of size m
exceeds nft1oe(n)

Proof: We define a partition through Cj ., such that Q; C Si: Let Si denote the set of all cliques that are
reachable from the empty set without passing through an m-gateway of size k (i.e. Ck n C S1). Sz is then
defined as Q\S;. In particular, all m-cliques lie in S;. We will see that this partition creates a bottleneck

between the two sets. Define )
Dy = ZKesl,K'652 m(K)Py(K, K )’
Y kes, ™(K)
the probability of passing from S; to S when starting in S;. By definition it holds that p(K, K') = 0 if
K ¢ Cm. Therefore,

7(Ck,m) /\lK‘|Ckm| —Q(1
< > — > < og(n))_
PSS T T NI, S

Why does this imply that the Markov Chain does not reach an m-clique in polynomial time with high
probability when initialized from a specific state? Choose a starting state from S; with distribution px (- | S1)
and stop the Markov Chain when it transitioned to S3. The distribution after one step is the mixture of
(- | S1) and the probability of having left after one step. The distribution after ¢ steps can therefore be
defined iteratively like this. Then the probability of leaving .S; can only decrease over time and therefore is
bounded by ®g. Define the hitting time Ts, by the time the Markov chain moves to Sy (where it terminates).

By the argument before, it holds that P(Ts = t) < ¢(S) for every t > 1. For M := (#(S)L we have:
E[Ts] = ZP(TS =t)t
t>1
M
> pst+M(1—¢sM)
t=1
M(M+1
> oMY | a1 - gsan)
> 1
~2¢(5)
Hence, there exists a starting state in K € S; such that E[Ts | Xo = K] > n®ee() [
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7.1. Planting a Large Clique

Jerrum [Jer92] further posed the question of whether efficient algorithms can detect larger planted cliques in
this model. Consider the following graph distribution over planted cliques of size k: Choose K C V := [n]
with |K| = k uniformly at random and select edges (¢, j) with probability 1, if 4, 5 € K and with probability
% else. The first question in this model is about the number of large cliques in this model, i.e. for which &
the large clique is unique. This is equivalent to the following question:

Question 7.14. For which k is it information-theoretically impossible and for which k is it possible to
recover the planted clique K ¢

To answer this question, we have to consider the distribution over cliques of size k in the planted model to see
whether the planted clique is the only one of this size! We will see a proof of this later for £* < (2+4¢) log,(n).
Let us start to bound k* by identifying algorithms that succeed in either recovering or in distinguishing.

7.1.1. Degree Test

The degree test is based on the idea that vertices in the planted clique should have higher degrees than all
other vertices. The algorithm simply identifies the k vertices with the highest degree and outputs this clique
K as a guess for the planted clique. We will show by simple concentration inequalities that this algorithm
succeeds with high probability when k& > Cy/nlog(n).

Lemma 7.15. The degree test satisfies

P(K=K)>1- Znexp(—élzn_l)f)> :

Therefore, it succeeds with high probability if k > C\/nlog(n).

Proof: Let d(v) denote the degree of a vertex v.
First consider a vertex v € K. Its degree can be written as

d(v) = (k—1)+ X,, where X, ~Bin(n —k,1/2).

Hence

E[d()] = k=14 “o= = o=+ —

Now consider a vertex u ¢ K. Its degree is

d(u) ~ Bin(n —1,1/2),

so )

n—

Eld(u)] = 5
Set the threshold 7" := 251 + % such that for v € K,
k—1 k-1 k-1
) .
Then,
-1

P(d(v) < T) =P(X, <E[X,] - (E[d(v)] - T)) < P(X, <E[X,] - kT)‘

By a standard Chernoff bound for binomial variables,

212
]P(Xv < E[Xv] - t) < QGXP - L .
n —
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Taking t = %, we obtain

Y
P(d(v) < T) < 2exp (M) .

Now, for u ¢ K,

P(d(u) > T) = P(d(u) > Bld(w)] + ’T) .

Applying the Chernoff bound,

12
P(d(u) > T) < 2exp <é]Z7L—1)1)>

Let £ be the event that all vertices in K have degree at least T and all vertices outside K have degree
less than T'. On &, the k largest-degree vertices are exactly those in K, hence K = K.
By the union bound,

where we used that the second term dominates and adjusted constants.
Therefore,

P(K =K)>1- 2nexp<—(k_1)2) .

8(n—1) [ |

Remark 7.16. Dekel et al. [DGGP14] extended the simple degree test to an iterative test that succeeds for
k> Cy/n.
7.1.2. Spectral Method

We will show now that we can distinguish the planted clique graph from G(n, 3) for k > C'y/n by the spectral
method as well. The recovery problem has also been solved in this regime with spectral methods by Alon et
al. [AKS98|. The idea is that for large enough k, the spectrum of the random adjacency matrix should have
a spike compared to the spectrum of the simple Erdos-Renyi graph. Let

B:=24A-11".
We have the following result:
Proposition 7.17. With high probability over G(n, 3), it holds that
IB(G)lop < cv/n.
In the planted clique model G(n, %, k) with clique of size k it holds
[1B(G)llop = k-

Proof: Sketch: Recall the moment method for the first part. In particular, for bounded entries (|B;;| = 1),
and even integer r it holds:

E[tr(M")] < (24 o(1))™nz T,

Now use Markov’s Inequality and let » = C'log(n) to deduce the result. For the second part, find a vector v
with v Bv = k|v]|3. ]

Exercise 7.18. Complete the proof.

To solve the recovery problem, Alon et al. [AKXS98] prove that there exists an algorithm that extracts vertices
from the second largest eigenvector of A and recovers the clique by ordering them to a base set and assigning
them based on the number of neighbors in the base set.
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7.1.3. MCMC

The natural question is now whether we can do better than n?, g = % This question has already been

addressed by Jerrum [Jer92] where he found a negative answer in the case of the MCMC algorithm that we
studied in the non—planted model before. First of all, the Theorem was stated in terms of another model
instead of G(n, 5, k): Define

n, 2 )
G'(n,p, k) := {G = (V, E) : G contains a clique of size k}
and equip it with the uniform distribution over all such graphs. We will now see that the k- clique is unique

when k > C'logy(n). In this case, we can prove the failure of MCMC using the model G(n, 1,k) and the

results directly translate to G'(n, ,k).

Lemma 7.19. The expected number of cliques of size k is bounded above by

i nk2=2(k= 1)

t=0

Jerrum [Jer92] shows in Lemma 3, that m-gateways of the same size as in Lemma 7.12 are unlikely to
intersect with the largest clique on a large subset when k < n” and 8 < % Hence, the ratio of cliques which
are m-gateways is still of size n~(°8(")  The same argument as before proves that MCMC does not mix in
polynomial time.
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8. Dvoretzky’s Theorem

In the lecture you studied dimension-reduction techniques with the Johnson-Lindenstrauss Lemma. It essen-
tially states that the geometric structure of a set X is (approximately) preserved under random projections
into lower-dimensional spaces as long as its dimension is sufficiently large (logarithmically in the size of X).
But what happens when we project to very low dimensions — far below what JL requires? Rather than
preserving structure, something surprising occurs: regularity is created. No matter how irregular a convex
body may look, its low-dimensional sections will appear approximately spherical with high probability. We
will study this phenomenon in the sequel.

8.1. The Theorem

Dvoretzky’s Theorem essentially states that every high-dimensional normed vector space has a low-dimensional
subspace which is almost Euclidean. It was first formulated by Dvoretzky [Dvo64] and later different proof

strategies emerged to obtain better bounds for the dimensions for which the Theorem holds. We will prove

Milman’s version of the Dvoretzky Theorem which is a result from concentration of measure on the sphere

and is based on a Chaining argument. Lets us first introduce some notation: The unique rotation-invariant

measure on the sphere is denoted by . The set of orthogonal projection matrices on R? is denoted by O(d)

and its unique rotation-invariant measure by v.

Theorem 8.1 (Theorem 5.2.10 in [AAGM15]). Let X =R and ||-|| be a norm in R? such that || - || <
L| - |lz for every x € R%. Define

M= [ el dota)
gd—1
and let e € (0,1). For k < 0262®d% and a universal constant co there exists a k-dimensional subspace
F of X such that ‘

1
1+¢€

M

[zllz < llzfl < M(1 + €)l|xl2 (8.1)

for every x € F. In particular, for any k-dimensional subspace Fy, choosing an orthogonal projection U w.r.t
v, it holds with high probability

1
M17||UT/H2 <|WUz|| £ M1+ ¢)||Uz||2
+ €

for every x € Fy.

Remark 8.2.

o The probability will be specified in Corollary 8.14 and it is upper bounded by 1 — exp(—Cd M;ez ).

o We will show Milman’s proof which is based on a Chaining argument. This Theorem includes an log(%)—
dependency in the dimension bound. By using a different proof based on Gordon’s Theorem, this term

2

can be removed such that the bound on k is of order e2d%.

e There exists a Gaussian formulation of this problem as well where U is not a projection, but a Gaussian
matriz.

8.1.1. Examples
Consider the ¢;-ball on R?.

Exercise 8.3.
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1. Find the Lipschitz-constant L for ||z|1 < L||x|2-

2. Compute M ezactly. For large d, it holds M ~ \/%.

Hint: You may use that fsd Lzl do(x) = \FF((%)

Let F' be the k-dimensional subspace from Theorem 8.1. For all x € 9By, N F', we get that

(141%)\/:_||33||2 (1+6)\/Z Vo e F (8.2)

and in particular for £ < Cd and a constant C' > 0, it holds

1 ™ s
—, /=< <2/ — Vv F. 8.3
S5 < llalle <2/ Voe (8.3)

Hence, the convex hull of F'N B ||, is almost a Euclidean Ball. Especially sparse vectors cannot be contained
in F'. Hence, random projections are likely to project sparse to dense Vectors Moreover, if F' is randomly

generated by UFp, then (8.2) holds with probability at least 1 — exp(—cid 367r)

In fact, we can show that for all £,-balls the dimension k for which a random subspace is almost Euclidean
with high probability is of order d.

Exercise 8.4. Show that there exists a constant C such that for every p € [1,2] Inequality (8.1) holds for
all k < Cd when the norm is ||-||p.

Exercise 8.5. For p = oo, argue that M > C log(d and L = 1.

Therefore, the largest k for (8.1) to hold is of order log(d).

8.2. Proof

8.2.1. Concentration on the Sphere
Lemma 8.6 (Concentration on the Sphere). Let f: S9! — R be an L-Lipschitz function. Then there

exists a universal constant c¢1 such that

o(fa € STV |f@) ~ [ Fla)dota)| > 1)) < dexp(-crde?/12)

Sd—1

Without loss of generahty we will prove Theorem 8.1 for z € S9!, Therefore we will show that we can

(('1/{

find m = |1 exp 4)| many points 1, ... ,x,, on the sphere such that with high probability
|Uz;| € [M — Lt, M + Lx] (8.4)

for all x; and U ~ v. Hence, ||Ux;|| concentrates very much around its mean over the sphere.
The main argument here is that for any z € S9!

v({U € O(d) : Uzg € A}) = o(A). (8.5)

Question 8.7. Why does FEquation (8.5) hold?
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Now define
B;:={U € 0(): ||Ux| € [M — Lk, M + Lk}

and note that independently of the choice of x;
v(B;) =o({x € 847 ||z|| € [M — Lk, M + Lk]})

o e S (@)~ [ fa)dofa)| < L)

> 1 — 4exp(—cidr?)

where we used Lemma 8.6 in the final inequality and the fact that ||-|| is an L-Lipschitz function with respect
to the Euclidean distance. Hence, by defining

it holds by union bound
v(B)=1- V(U Bf) > 1 — 4mexp(—c1dk?).
i=1
Therefore, by taking m < %exp(cmzd/Q), we get

v(B) > 1 — exp(—c1drk?/2). (8.6)

8.2.2. Chaining

In the previous part, we have shown that our claim holds for finitely many points on the sphere. We will
now extend this result to a subspace of the sphere by choosing the points such that they span a net over the
sphere intersected with a subspace Fj of dimension k. We will see that this dimension cannot be too large
because the number of points to span a net increases in the dimension. Moreover, we restricted the number
of points by m in the previous section.

Let us first introduce what we mean by a net:

Definition 8.8. A d-net on a subspace Fy of X is a set N C Fy such that for every y € F there exists
z € N such that ||y — x[]2 < 6.

With this, we will be able to show that Equation (8.4) holds on the whole sphere with high probability.
First, let us bound the cardinality of the é-net over a sphere S*~1:

Exercise 8.9. Prove that there exists a §-net N'(8) over the k-dimensional sphere it holds |N'(8)] < (1+2)*.

Note that this result depends exponentially on the dimension k. Therefore, our result will only hold for
subsets F' C S9~1 which can be identified with S*~!, i.e. a k-dimensional subset. This leads to the following
Corollary:

Corollary 8.10. Take k such that (1+ 2)* < | X exp(c1dr?/2)]. Then, for any k-dimensional subspace Fy
of X it holds with probability at least 1 — exp(—cydr?/2)

M — L <||Uzx|]| < M+ Lk VzreN()r
when U ~ v. In this case, N'(§)F, is a 6-net over Fyn S4-1.
Proof: Combine Exercise 8.9 with Equation (8.6) and note that the bound over |NV(8),| corresponds to the

bound over the k-dimensional sphere. |
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Remark 8.11.
o We will denote the set Fyy := UFy for simplicity.
o It holds that dim(Fy) = k for every U € O(d).

o Note that for every y € Fyy there exists © € Fy such that y = Uxz. If N(8)p, = {z1,...,Tm} is a 6-net
over SITINEy, then N(8) g, = {Ux1,..., Uz} is a 5-net over FyNSe=L for every U € O(d) because
U is an orthogonal projection in R?.

Now we come to the most important part of chaining where Equation (8.4) will be proven for all Fyn.S9~1.
This can be done by identifying every y € Fy; through a sequence of close points from the §-net.

Proposition 8.12. Let Fy be the randomly generated subspace from Fy and U € O(d). Then, with proba-
bility at least 1 — exp(—c1dk?/2) over U ~ v, it holds
1-26 M —|— Lk
M — i
— <yl < 15

for every y € Fy N S471if (14 2)F < 1 exp(cldnz/Q)J

Remark 8.13. Note that we did not choose § yet. If we look carefully, 6 describes a trade-off: If § is close
to zero, our bounds on ||y|| become tighter. On the other hand, (1+ 2)* will be very large which imposes a
restriction on the dimension. Therefore the following holds: the lower the dimension, the tighter the bound

on |lyll-
Proof: Let y € Fyy N S4~L. Then, there exists yo € N(0)r, such that

Iy = yoll2 =: 6o <6
Moreover 3% € Fyy N S=1. Hence, there exists y; € N(0)p, with

=2 = plle =2 61 < 6.
0

Hence,
ly — yo — doyrll2 = dod1 < 6.
By repeating this procedure, we find inductively ya,ys,...yn € N(d)F, such that

n

i—1
ly —vo = > ([T o)will2 < 6™

i=1 j=0
Since § < 1, we get the limit
oo i—1
y=vo+ > ([ 9)w
i=1 j=0
in || - |2 and therefore
oo i—1
i i M M+ Lk LFC
lyll = llyo + D> _(TT 60wl < llwoll +Z5 lyill < (M + Lr) 25
i=1 j=0
where the last equation follows from Corollary 8.10. We can take the limit in the triangle inequality because
|- |l2 and || || are equivalent on R?, so the limit exists in ||-||. We obtain a lower bound by triangle inequality:
oo i—1
0 1—-20 Lk
ol = lsoll = IS CTL 6wl = M = L= Sl = M = L=~ (01 + 1wy = =20y = L2
=1 5=0 =1

Hence, the statement holds for every y € Fiy N S¥~1 with probability at least 1 — exp(—cidk?/2) over U. B
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It remains to choose ¢ and k. This is shown via the following Corollary:

Corollary 8.14. Let e € (0,1) and
k S 0262

—d
log(?)
and Fy be the randomly generated subspace from Fy and U € O(d). Then, with probability at least 1 —
exp(—c1ddS 72L2 ) over U ~ v, it holds

M
T < Iyl < M(1+¢€) Vye FynSit, (8.7)

Proof: In order for Proposition 8.12 to hold, we have to choose

drk?/2
<e——-.
log(1 + %)

Choose § = g and Kk = M €. Then, it suffices to choose

o
L2 log(%)

k < co€d

for a specific constant cs. Moreover,

1—2(5M_ Lk :M1_362M 1 .
1-6 1-94§ 1-94§ 1+e

Moreover,

M+ Lk 1446 20
= = —_— < .
s =M =M+ ) <M1+

Combine the results with Proposition 8.12 and the Corollary follows. ]

It has been shown by Milman and Schechtman (Theorem 5.3.4 in [AAGM15]) that the largest dimension

for (8.7) to hold with € = % and probability 1 — d-&-ik is upper bounded by Cdﬂg—;. Therefore, the bound on

k is tight up to constants when £>C log
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9. Randomized Methods in Linear Algebra

In this section, we will show that randomness and therefore, structure can help to speed up algorithms that
we usually consider in a deterministic setting, especially in Linear Algebra. We follow two chapters from the
lecture noted [KT23]. For further reading these notes are highly recommended!

9.1. Warm-Up: Randomized Power Method

The first part of this chapter is to show that randomizing algorithms can provide convergence guarantees by
exploiting the structure of randomness. Consider the Power Method for identifying the leading eigenvector
and eigenvalue of a symmetric positive semidefinite matrix A. The power method also exists for general
matrices for identifying leading singular values and the corresponding left and right singular vectors, but we
will focus on the symmetric case here. Without loss of generality assume that A;(A) =1

We expect that if a vector z( is not orthogonal to the leading eigenvector, that multiplying A with it,
will keep its correlation with the leading eigenvector, but weaken its correlation with all eigenvectors with
eignevalue smaller one. By repeating this, we hope to converge to A1 quickly.

Fort =0,1,2,... define

Tt

Up 1= ——, Xt-‘rl = ’U/tTAUt, Tty1 = Aug.
el

Optionally stop when ||z;41 — }\\t+1UtH < e or after a maximum number of iterations.

Algorithm 1 Power iteration (estimate dominant eigenpair of A)

Require: A € R™ ™ initial xg # 0, tolerance £ > 0, max iterations T’

:fort=0,1,..., T —1do
Tt

N =

Up <

{normalize}
[l

Ait1 < u Auy {Rayleigh quotient}
Tppy < Auy
if ||.’Et+1 - )\t+1ut|| < ¢ then

end if
: end for

3
4
5
6: return (g1, ut)
7
8 o~
9: return (Ap, up—_1)

Note that by construction it holds that

Atl‘o

T At

Let v1,...,v, be an orthonormal basis for A with eigenvalues A\; > ... \,. Then,

n
o = E W;U;
i=1
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with w; = x(—)rvi. It holds:

I h—1- ma—TAtAAtxo
xy At Atz
- x(‘)F(AQt _ A2t+1>$0
x] At Atz
B xd A%(I — A)zg
[[Atzoll3

_ Z?:l W?A?t(l — i)
- Z?:l Wz‘z/\zzt

We conclude:
Proposition 9.1. If z] v; # 0 for i with \; = 1, then A = A as t — oo.

Moreover, we can derive a convergence rate: Assume for simplicity that A3 < Ay < A;. The proof works
analogously if the multplicities are higher. Moreover assume that the correlation of xy with vy is non-zero.
Otherwise replace Ao by the smallest A; such that the correlation is nonzero, i.e. w; # 0. The error at
iteration t is denoted ¢; := 1 — 5\,5. Then,

Et41 Z?:l W?A?HQ(l - \i) Z?:l wi?)\?t
e Z?:l “Jz‘z)‘?t(l - ;) E:‘L:l wiz)\?t+2
_ WIAS (1= M) + D WA TR (1= N) w4 30 wA
WIAFH(L = Ag) + Doy wiAT (1 = Ni)  wf + S0 w2AF 2

— A2, t— oo

Hence, in the limit ¢ — oo, we have the asymptotic convergence rate

2
41 _ &
Et )\1

when w; # 0. This implies exponential convergence in ¢, namely <’A\—f)

Note that if the multiplicity of A\; is greater one, x; can converge to any linear combination of leading
eigenvectors. Usually, we look at problems with unique leading eigenvalues and want to determine the
convergence rate. This is then determined through the spectral gap A\ — Ao. If the (relative) spectral gap
is small, we have slower (asymptotic) convergence than when the spectral gap is larger. This is because in
the latter case, the correlation with smaller eigenvectors diminishes more in each step and correlation with
the leading eigenvector is favored more. Note that the method fails when w; = 0 because there is no way to
construct correlation with v, by just multiplying A with the vector.

One way to establish wy # 0 is to choose zg ~ N(0,T). Note that by this choice it holds

for any ¢ € {1,...,n}. Moreover, this random choice allows us to derive a non-asymptotic convergence rate
with high probability. We state it as a bound on the expectation:

Proposition 9.2 ( [Tro20]). Assume A € R™ ™ is symmetric and positive semidefinite and let xo ~
N(0,1). Then, for any t > 0 it holds
t

Ele] < V2n (ij) (9.1)

39



A bound in probabilities was first established in [KW92] and later, Proposition 9.2 was proven by Joel
Tropp [Tro20] and was simplified remarkably.

2
Note that the bound (9.1) is weaker than the asymptotic rate, i.e. i—f instead of (:\\—f) and we have a

prefactor that could become important in high dimensions.

In the proof we will use the fact that E[w?] = 1 and so we can use a bound on w? with high probability.
Moreover, we use the following fact for Gaussian random variables: If X ~ A/(0,1), then for any constant
c>0:

c cm
| </ = .
E{XQ—FC] -V 2 (92)

Proof: (of Proposition 9.2) Assume again without loss of generality that \; = 1. Recall that

[0 WA (1= \)
Ble =B | =5 o

- no 242t
S Wl
<E ]E{ = kA |w2...wH

2 21\ 2t b b) n
L w1+2i>1wi)‘i

™

where we applied (9.2) in the second inequality. Now apply Jensen’s inequality to obtain

™ 22t T 2112 2
E /5;%Ai < @;E[Mi]&téwm(n*l)kg

which concludes the proof. |

Convergence independent of the spectral gap was established in [KW92]. We can recover this result
by using the Gaussian nature of xg:

Exercise 9.3. Adapt the proof strategy from Proposition 9.2 to prove that for any 0 < 5 < 1 it holds
Ele:] < (1= B) + vV2nexp(—(1 - B)t)
and optimize over B to see that for any t > 1:

< 1+ log(v/2n + log(t)) -

Ele,] .

For a proof, see the lecture notes [KT23].

9.2. Randomized SVD

The randomized SVD algorithm was formalized in [HMT11]. We will follow this work and the lecture
notes [KT23] here.

9.2.1. Motivation

The singular value decomposition provides the best rank-k approximation of a matrix A € R™*™:

Ar Ay = UpSi Vi,

40



and no other rank-k matrix achieves a smaller approximation error in either the operator or Frobenius norm.
However, computing the full SVD requires O(mn?) operations (for m > n), which is too expensive for
large-scale problems.

A useful observation is that the leading singular directions of A typically lie in a low-dimensional subspace.
Rather than computing the entire SVD, it therefore suffices to identify a subspace that captures most of the
range of A. To identify these directions, one would have to compute the SVD beforehand and we would not
gain anything. But if we want to succeed with high probability, random projections are an efficient way to
do this: given a random test matrix € R"** (with ¢ only slightly larger than k), the sketch

Y = AQ

spans, with high probability, a subspace that contains almost all of the relevant information in A.
Once such a subspace ) has been obtained (e.g. by performing a QR decomposition of Y'), one forms the
smaller matrix

B=Q"A,

computes its SVD, and then lifts the result back to the original space. This yields a near-optimal rank-k
approximation to A at a fraction of the cost of the full SVD.

Randomized SVD thus combines the approximation quality of the classical SVD with the efficiency of
random projections.

9.2.2. Intuitive Approach

Draw a random vector z ~ N (0, I,,) in R™. Recall that

™
T o
Az = g 0 UiV, T, r:=min{m,n},
i=1

and define w; := v, z. Because {v;} is orthonormal and x is Gaussian, the coefficients w; are i.i.d. A'(0,1),
and therefore E[w?] = 1.

Hence, in expectation, Az places larger weight on left singular vectors corresponding to larger singular
values. If the singular values decay, Ax is typically dominated by the top few singular directions.

If we repeat this construction for s = k+p (for a small oversampling parameter p) independent Gaussian
vectors, then

Axy, ..., Az
tend to span a subspace that captures almost all of the range of
P :=U,U,,

i.e. the subspace spanned by the leading k left singular vectors.
Form the random matrix

Q.= [1‘17...,$S]€Rn><87 Y = AQ € R™*%s,

The idea is now to approximate the column space of A by the column space of Y. This is effective because

if Y captures the dominant left-singular subspace, then projecting A onto range(Y') preserves nearly all of

its “energy” (i.e. its action on vectors), while discarding directions associated with small singular values.
To obtain an orthonormal basis for range(Y'), we compute a QR decomposition

Y = QR,

where Q € R™*% has orthonormal columns and R € R**? is upper triangular.
We now compress A to the small matrix

B:=QTAeR>".
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Optionally, we compute the SVD of B, o
B = U0V,
Note that B is rectangular with s < m, so its SVD has the form
B =0V,
where . . R
Uy ERSX87 EoERSXS, V()ER”XS.

Lifting this back gives the rank-s approximation

~ A~

A, = QB = (QUo)So V' = USoV,.

9.2.3. Algorithm [HMT11]

Algorithm 2 Randomized SVD (basic version)

Require: Matrix A € R"™*", target rank k, oversampling parameter p
Ensure: Approximate rank-(k: +p) SVD of A

. Draw a Gaussian test matrix Q ~ N(0,1)"* (++»)

Form the sample matrix Y = AQ

Compute a thin QR decomposition Y = QR

Form the compressed matrix B=Q" A

Compute the (economy-sized) SVD of B: B = Uy V"

Set U = QU

return U, f]o, VO

9.2.4. Theoretical Guarantees
Let A € R™*™ have the singular value decomposition
A=UxVT =U5V, +U 2, V],

where Uy, V), correspond to the top k singular vectors, and U,V correspond to the remaining singular
directions. Let Q € R™*® be a Gaussian random matrix with s = k + p columns, and decompose it in the
basis of V as
Q=V,Q+V Q= Q. +9Q,.
Then one can show the following lemma (see [HMT11]):

Lemma 9.4 (Error decomposition for randomized SVD). The Frobenius norm of the approzimation
error satisfies .
1A= A% < IZLF + 1Z00.0901%,

where A, is the rank-s approximation obtained from the randomized procedure, and Ql denotes the Moore-
Penrose pseudo-inverse of € .

For a proof see the main lecture notes [BSS25]. The first term, | X ||%, is exactly the minimal error achievable
by any rank-k approximation of A (the Eckart—Young theorem). Therefore, the main challenge is to control
the second term, |20 Q1 ||%.

To bound this term, we first recall a standard fact about Gaussian matrices:

Lemma 9.5 (Expected Frobenius norm of a Gaussian pseudo-inverse). Let G € R™*"™ be a stan-
dard Gaussian matriz with m > n+ 1. Then
m

2] —
E[IGT}] = ——.

42



Proof sketch. The matrix GG follows a Wishart distribution. The expected trace of its inverse gives the
result.

Now, € and Q, are independent Gaussian matrices. Using the law of total expectation and factoring
out the terms in the Frobenius norm, we can write

E[I2.00 03] = E[E[IZ 00001 2] |.

Conditioning on 0, we can factor out ¥ and apply the previous lemma to QL, giving

E[ISe ! 7] < ISLIFE(IQUF] =D of —

>k
Here p = s — k is the oversampling parameter, and we assumed p > 1.

Theorem (Expected error of randomized SVD, [HMT11]). Let A, be the randomized rank-s
approximation of A constructed with s = k + p Gaussian test vectors. Then

EllA- AR < Do)+ Yol

J>k i>k
—_———

optimal rank-k error  oversampling term

9.2.5. Computational Cost

Let A € R™*™ and suppose we want a rank-k approximation with s = k + p Gaussian test vectors. The
main steps of randomized SVD and their costs are as follows:

1. Forming the sketch Y = AQ: Computing the matrix-matrix product with 2 € R™"*# requires
O(mns)
operations, agssuming § is dense (e.g., Gaussian) and A is unstructured.
2. QR decomposition of Y: Computing a QR decomposition Y = QR, where QQ € R™** costs
O(ms?).
3. Forming the small matrix B = Q" A: This matrix-matrix multiplication requires
O(mns)
operations.
4. SVD of the small matrix B € R**": Computing the (economy-sized) SVD of B costs

O(s*n).

Therefore, the total computational cost is dominated by the two O(mns) = O(mn(k + p)) terms. This is
significantly cheaper than the O(mn?) cost of the classical full SVD when k < n, which makes randomized
SVD very attractive for large-scale matrices.
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9.2.6. Further Ideas

A natural way to improve the accuracy of randomized SVD is to use subspace iteration (or power iteration).
The idea is to amplify the contribution of the leading singular directions relative to the smaller ones.
Given the Gaussian sketch Y = A€, we can replace it by

Y = (AAT)7AQ,
where ¢ > 1 is a small integer. If the singular value decomposition of A is A =UXV T, then
(AAT)IAQ = U2ty TQ.

The factor £29+! raises each singular value to a high power. After forming Y, we can proceed as usual:
compute a thin QR Y = QR and then B = Q" A.

Remark 9.6. When singular values decay very slowly, the oversampling parameter p becomes more impor-
tant: increasing p gives Y a larger dimension, which increases the chance that the dominant subspace is
captured accurately.
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10. Weak Recovery in the Stochastic Block Model

Recall the Stochastic block model with multiple communities:

Definition 10.1. A graph G = (V, E) consisting of n nodes with community memberships c € [k]™ is drawn
from the stochastic block model if each edge (i,j) € E is drawn independently with probability Q. c, .

We will consider the probabilities Qi = 7 if | = k and Qi = % if { # k and [, k € [k] with a and b constant.
The vector ¢ is unknown and usually also randomly generated, following a distribution p. Therefore, we
define (¢, G) ~ SBM(n,p, Q) as a random draw from the Stochastic Block Model.

Now suppose we observe the edges E but not the community labels of a graph G. Assume the labels
follow a prior distribution denoted by P. The posterior of o € [k]™ is then given by

1 b a b
P(o | E) = 7 P(E|o)P -7 H Loi=o; + 5]10#09') H(l o ﬁ]l"'i:%' - ZHU#%‘)P(U)

i~g ]

where Z is a normalizing constant not depending on ¢ and the product is over all edges and over all non-edges.
If we have two communities and choose the labels to be in {—1,+1}, this can be simplified to

1 a b
P(o | E) = exp()_(log(- ) Lo~ +10g Loza,) + ) _(10g(1 = ~)1g,—5, 10g(1 = ~)s,20,)) P(0)
i~j ]
1 log(a) — log(b) log(1 — 2) —log(1 — %)
ok exp(z — 0] + Z 5 oi0;)P(o)
inj inj
1
=3 exp(z 0 005 + Z 0_ci05)P(o
invj inj

with 0 == Llog(%) > 0 and 0 := $log(;=%) < 0.

10.1. Zero-Temperature Belief Propagation

If we have prior beliefs about o, we want to update them step by step. First assume that the prior is
deterministic in all nodes but one, denoted by j, and P(g; =1) = % Then, the posterior becomes

P(oj =1]E{0i}iz) = exp 20+Uz+29 Ji).
i~vj invj

If the posterior should again be deterministic about the updated belief for ¢;, we add an inverse temper-
ature parameter A > 0 and define

Py(oj :=1| E,{oi}iz;) = eXp Zt‘).wfl + 29 )
i~vj invj

When A — oo, o; is chosen to maximize the a-posteriori probability. Assume that the prior is roughly
balanced, i.e. \ij o;| < C for a constant C' > 0, since 6_ is of order %, the a-posteriori probability is

maximal for
oj = szgn(z 0;)

i~ g

which is the majority of its neighbors.
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10.2. Notions of Recovery

We aim to recover the community vector ¢ by an algorithm. Therefore we define a metric that measures the
closeness between two assignments. Note that permutations of [k] do not matter for detecting communities
and therefore we take the maximum over permutations:

n

1
Ao, c) :i= — max Lei=n(on)
n mesSk
=1

In the optimal case we would like to fully recover our signal. Define exact recovery as follows:

Definition 10.2 (Exact Recovery). Let (¢,G) ~ SBM(n,p,Q). An algorithm achieves exact recovery if
it outputs a guess o for which it holds

Pr(A(o,c)=1)— 1, n— 0.

If we aim to achieve strong recovery, it is in general useful to maximize the a-posteriori likelihood because
this minimizes the probability of making a mistake. Note that in the regime with fixed a and b and two
communities, strong recovery is impossible and therefore, we will aim for weak recovery in general. Assume
that the probabilities for belonging to one community under p is % Then, weak recovery holds if an algorithm
is better than random guessing:

Definition 10.3 (Weak Recovery). Let (¢,G) ~ SBM(n,p,Q). If there exists an € > 0 such that the
algorithm outputs a guess o for which it holds

1
Pr(A(o,c) > z +e) =1, n— oo,

it achieves weak recovery.

If only weak recovery is required, maximizing the a-posteriori likelihood is not necessarily the optimal
way and instead we want to update our beliefs of o according to the posterior distribution.

In the following section we will derive an algorithm which updates the beliefs about the true labels
iteratively. In contrast to O-temperature belief propagation, the updates are made according to the posterior
and therefore, we do not get deterministic values, but probability distributions.

10.3. Belief Propagation on Trees

We will introduce the algorithm on tree models because prior beliefs are easy to propagate here. In general,
we will assume that the prior beliefs affect the nodes independently in belief propagation. At first glance
this assumption seems to be wrong in general graph models. But in the case of the Stochastic Block model,
we will see that subgraphs of it are close to a family of trees.

How does Belief Propagation work on a tree? Suppose you are given a tree where each vertex v has
a value in {—1,+1}. The children of v are generated independently and have the same value as v with
probability a and the flipped value with probability 1 — .

1. Fix beliefs at depth d of the tree. We assign a probability p;-l to each vertex 0’? of being 1. The
probabilities will be small pertubations of %
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2. Update the belief of each parent. Therefore, assume a vertex O’d ! has k children {J ] 1

Pr(of ' =1[{p} )= > Pro{ ' =1Lol=7 Vi=1..k|{p{}i)

Te{-1,1}F
= Y. Palofl'=1lof=7 Vi=1,. Hp]n
Te{-1,1}*k
1 . _
= Y Palof=7 Vi=1,... . k|o} 1:1)Hp;l(7j)
Te{-1,1}* j=1

where Z is again a normalizing constant and P, is the distribution of the tree, parameterized by «.

3. Repeat this ford —2,d—1,...,1,0.

If the beliefs about ¢©, the root vertex, are p° = 2, the algorithm does not perform better than a random
guess. In this case, pé- = % for all j,1 is a fixed point of the algorithm and therefore we will not use this as
an initialization of the beliefs, but small pertubations of it.

10.4. Belief Propagation for the Stochastic Block Model
We analyze belief propagation for the Stochastic Block Model for k& = 2. Recall that we derived the posterior
P(o | E)=— eXp Z Oi0i0; + 29 0;0;)P
i~j i

If we want to do belief propagation as in the tree model, assume you want to update the belief of o; and
you have beliefs about all other vertices, independently affecting o;:

Ploj=1; Vj#i)=]]P(m).
J#i
The posterior for o; becomes
P(o; =1| E,{Pi(0)zi}) = = H Z exp(04+7;)Pi(T; H Z exp(0_7;)P;(7;)
JiTie{-1,41} JeiTie{-1,4+1}

With this we can recursively define the updated beliefs. But we have to be careful about one detail: The
beliefs passed from ¢ to k£ should not depend on the current belief of o). Therefore, we define the updated
beliefs as:

1
Peloi=1)= - I > eoimhE) ] > exp(0-7))Pil7y)
jrii#k T e{—141} jrei itk T e{—1,4+1}

Let us analyze the convergence of the iterated beliefs. First, define the updated expected value of o; which
is passed to oy:

mik = Exlo; | E, (Pi(05))jik] = Pr(o; = 1) — Pi(o; = —1).
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This simplifies to
— 1
M = 374_? = tanh(i log(

(07

5)

where we define

1+ my; 1—my; 1+ my; 1—my;
a= [ (exp(0r)—~" +exp(-0)—") [ (exp(0-)—5= +exp(—0-)—)
j~i,j#k joi,j#k
and
b= [T (exp(—00) 0 4 exp(0) 20 T (exp(—0-) 280 4 exp(o) -4t
= X — X _— X —v_)——— X )
P + B PlU+ D) p D) p D)

j~i, gk i, j#k

and the denominator ensures that the probabilities sum up to 1.
Moreover, ;log(§) can be simplified to

1 o a—>b b—a
Jrij#k i, j#k

Note that for large n and a roughly balanced prior the influence of non-neighbors is neglectable, and

therefore we approximate
a—b
Mg & tanh(. Z atanh(mmﬁ))
Jrij#k

This approximation only depends on the neighborhood of i now. Moreover, we can justify the factorization
of probabilities because at a fixed vertex, SBM behaves like a tree with high probability. In particular, it was
shown in [MNS12] that the radius-d-neighborhood of a SBM is distributionally close to Galton-Watson-Tree,
when d is logarithmic in n.

Definition 10.4 (Galton Watson Tree). In a Galton-Watson-Tree, parametrized by (o, k), each vertex
is assigned to a spin from {—1,+1} and gives birth to Pois((1 — «)k) children of the same spin and
Pois(ak)children of the opposite spin.

Question 10.5. Show that the number of neighbors in a SBM is asymptotically Poisson. What are o and
k if we want to argue that the SBM is close to a Galton- Watson-Tree?

We will study the Belief Propagation in the SBM now through Belief propagation on a Galton-Watson-
Tree: Suppose you initialize the beliefs with a small mean u and variance 2. Since tanh and its inverse

linearize for small values, the messages sent to the parent nodes are approximately

—b
My = Z Zi—i—bmu = zu:(l —2a)my,

u

where u are the children and o := aLer. Note that the number of children is a random variable. Then it
holds:

E[m,] = (1 - Qa)IE[Z my] = (1 —2a)k((1 — )y — ap) = (1 —2a)%kp
and

Var(m,) = (1—- 204)2E[Z 0% = (1 —2a%)ko?.

Suppose that
(a—b)*

k(1 —2a)? = m

<1,
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then small pertubations of the trivial fixpoint with beliefs initialized close to 0 are stable and the algorithm
can not succeed. This threshold is called the Kesten-Stigum-Threshold. Moreover, given the true values
in a radius-d-neighborhood of a vertex, we are not able to recover the true spin or make a better guess
than random, which suggests that weak recovery below the threshold is impossible in general. Above the
threshold there might exist other stable fixpoints which are not-trivial like 0 which corresponds to the prior
of having probability % for every label.

Remark 10.6. Weak recovery in the Stochastic Block Model for k = 2 is indeed impossible below the Kesten-
Stigum threshold which can be shown by a general reduction of the SBM on trees (for a survey see [Abb18],
for a proof see [MNS15]).

Remark 10.7. The success of weak recovery above the Kesten-Stigum Threshold for k = 2 was shown
in [KMMT™ 15]. This algorithm aims to find the second eigenvector of a non-backtracking matriz. In contrast
to studying the adjacency matriz, the non-backtracking matriz prevents loops and therefore is not biased
towards high-degree vertices.

We considered the model for £ = 2 only. The Kesten-Stigum Threshold for & > 2 is

(a—b)?

Mo+ (=10 ~ -

Remark 10.8. Interestingly, it was shown [AS16b] that weak recovery is information theoretically possible
in a regime below this threshold for k > 4, but no polynomial time algorithm is known.

Remark 10.9. Similarly to the case for k = 2, for any k > 2 there exist algorithms which succeed above the
KS-threshold which was shown by Abbe and Sandon [AS16a]. The algortihm is a linearized version of belief
propagation - called Approximate Belief Propagation.

10.5. A Spectral Method for Weak Recovery in the Semi-Dense Regime

Before we discuss a spectral algorithm that succeeds up to the KS-threshold, let us study a naive spectral
method and identify the regimes where this succeeds. Let A be the (random) adjacency matrix of the random
graph G generated by the SBM. If we want to cut the graph into two communities we want to solve the
Balanced Cut:
min z' Az st. 2'1=0, (10.1)
ze{£1}n

When the adjacency matrix is perturbed by noise, spectral algorithms can only succeed under specific
conditions. First, we consider the SBM when the matrix A is still dense. Then, under specific conditions, the
noise can be controlled, if the signal is stronger because the spectrum of the noise matrix is small compared
to the leading eigenvalues that come from the block structure. We derived the following matrix to study:

Define M := E[A] 4 pI and without loss of generality let the first rows of A belong to V; and the last to
V5. Then,

M1=(2p+ Zon.

2 2
and
n
M(]‘Vl - ]-Vz) = §(p - q)(]‘Vl - 1V2)'
Since M has rank two, we can write it as
p+q pP—q
M = T]']'T + T(l‘ﬁ - 1V2)(1V1 - ]'Vz)T

Since we are interested in the leading eigenvector orthogonal to the all-ones vector, we actually want to study

M:=M— %11T = E[A] + pI — ?11?
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Note that the leading eigenvector of this matrix does not necessarily have to correspond to the leading
eigenvector of the matrix of interest, which is

B:=A+pl— Z%IIT,

especially if A — E[A] has large eigenvalues. But for a specific range of p and ¢, one can show that these
matrices are close with high probability. Moreover, the eigenvectors are close and a partitioning algorithm
with respect to the leading eigenvector works with high probability with making only small mistakes. Let
us first state the algorithm:

1. Compute the leading eigenvector v of B.
2. Set Vi ={i:v; >0} and Vo = {i:v; < 0}.
The following can be guaranteed when p — ¢ is of order at least \/% :
Theorem 10.10. Let G be generated by the stochastic block model with parameters n,p,q. If

C |p+gq
—qg > — —
p q_a n

for a specific constant C' > 0, and p+q > C’w, then with high probability, the spectral algorithm classifies
at least (1 — a)n vertices correctly.

Remark 10.11. Note that this algorithm guarantees only recovery of a large part. Actually, exact recovery
is possible in an even tighter regime by using a different algorithm, explained in [ASB23].

We can prove the theorem in four steps: First, we characterize values of p and ¢ such that the variance
of each entry of M — B is bounded. Then, we can bound the spectral norm with high probability. Then,
we relate the gap in leading eigenvectors of both M and B to the spectral norm of M — B. In the end, we
will show that the number of errors is bounded by the gap in eigenvectors. First, we use a Theorem from
Vu [Vu05] without proof:

Theorem 10.12. Let R € R™*™ be a random matriz with

1. |R| <1 entrywise,

2. E[R] =0,

3. Var(R) = o2 entrywise.
Then, with high probability it holds for constants C,C’:

IR < 20v/n + Cv/an* log(n)

if 02 > ¢l
We can use this Theorem to bound ||[M — B:

Exercise 10.13. Show that there exists a constant C > 0 such that
IM - B|| < Cy/n(p+q)
with high probability for n sufficiently large and p+ q > CW

The second part of the proof relates the eigenvectors to the eigenvalues through the angle between the
vectors. We use the celebrated Davis and Kahan theorem for this:
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Theorem 10.14 (Davis and Kahan). Let vy,...,v, be the eigenvectors of M with eigenvalues Ay, ...\,
and let wy be the leading eigenvector of B with eigenvalue 1. Let 6 be the angle between wy and vy. Then

1t holds:

M—-B
sin(o) < — MBI
ming—£y ‘/\1 - )\J|

Since we know the eigenvalues of M in contrast to B, we can use this theorem easily:

Exercise 10.15. Let w1,v;, be the normalized leading eigenvector of M and B respectively. Show that there

is a constant such that
Vn(p+q)

. 2 2
min{||lvy — w; — v —wy <4C
{ll 12, 12} Y P

with high probability.

It remains to show that min{|lv; —wy||3, || —v1 —w1]|3} can be related to the number of errors that are made
in the algorithm. Therefore, think about the entries of wy and try to come up with a bound on the number
of mistakes using min{||v; — w13, || — v1 — w1 ||3}:

Exercise 10.16. Show that the number K of mistakes (incorrectly classified) is bounded by
nmin{[or — w3, || —v1 — w3}

and conclude that
K <an

4
when p — q > %\/p%q andp—&—qzC'ilog;") )

Note that this guarantees success for constant p and ¢ and up to order for which you have seen

exact recovery in class. But when the expected number of edges is constant, i.e. p = % and ¢ = %, this
algorithm will actually not work. The reason for this is essentially that the matrix A is sparse and the noise
cannot be controlled on average. Especially if there are high-degree vertices, there will be large eigenvalues
not necessarily correlated with the communities. We will introduce another matrix now where most of the

eigenvalues can be controlled even in the sparse regime.

log(n)*
n

10.6. A Spectral Method for Weak Recovery

The following section is based on the arguments introduced in [KMM™113] and serves as a heuristic argument
for the success of the algorithm. A rigurous analysis of the conjecture made in [KMM7'13] can be found
in [BLM15]. Define the Non-Backtracking Matriz of the random graph as follows: Let E be the (random)
set of edges with |F| = m and define E as the set of directed edges. Note that |E| = 2m. For 4,5 € {2m}?,
and i corresponding to u — v € E, j corresponding to w — x € E, define

1, if v=w,u # x,
B;; = 0 )
, otherwise.

The powers of this matrix tell the number of non-backtracking paths:

Exercise 10.17. Show that Bj; is the number of paths (vy, ..., v,) withv; # vit1, n = r+1, (v1,v2) = (u,v),
(Vn—1,vn) = (w,x). Moreover, show that (B"(B")T);; corresponds to the number of vertices that can be
reached in exactly r steps from v via non-backtracking paths.

We want to analyze the spectrum of B instead the spectrum of A. But we need to be careful:

Question 10.18. Is B symmetric?
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Therefore, we might have to deal with complex eigenvalues.
Exercise 10.19. Let 1, ..., tam be the (possibly complex) eigenvalues of B. Then,

2m

Dol < (BB ).

i=1

You may use the decomposition B = QRQT with orthogonal matrices Q and an upper triangular matriz R
with the eigenvalues on the diagonal.

In expectation, the trace of (B")(B")T corresponds to the number of directed edges times the expected

number of neighbors at exact distance r (without backtracking) which is bounded by (22)". Hence, if we

define a distribution randomly over the eigenvalues, it holds that
” a+b\"
Bl < (“37) -

Since this holds for any 7, most of the eigenvalues should be bounded by (“T'H’)% Now, if we can find

an eigenvalue > (“T'H’)% such that the corresponding eigenvector is correlated with the truth, it is easy to
distinguish it from the remaining ones.

The construction of this eigenvector comes from the matrix A again: Define

1
f("‘) c R‘V‘7 fqu) = — Z Oy

w:d(u,v)=r
where o, € {£1} denotes the community membership.

Exercise 10.20. Verify that
1
(AFT)0 = uf7 4 (dy = DI

Moreover, the expectation of fv(r) is correlated with the community membership regardless of r if u = %‘bz

Exercise 10.21. Show that E| v(r)] = L),

r

The variance of the sum in the definition of fv“") is of order (‘%b)r and therefore, f(") is stabilizing for large
r if

a+b a—"b.,
5 < ( 5 )=

Then, f:= f ~ f0+ and
1
Af = pf+ ;(D —D)f.

Note that D is not a multiple of I in the sparse case in generall! Now we can show that f can be obtained

through an eigenvector of B instead of A to the eigenvalue 2% which is by assumption larger than (‘%"b)%

2
and easy to detect. ~
For every i € [2m] associated with (u,v) € F, define

r 1
gz( ) = E Z Oz.

JEE:(i,5)=r

Exercise 10.22. Show that Bg(") = pg(+1).
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Moreover, when p = “T_b as before, ¢(") becomes stable and we define g as the stabilized version of ¢(").

Then g is an eigenvector of B with eigenvalue pu. By the analysis above, this eigenvalue pops out of the
spectrum related to randomness and g can be found via spectral analysis. Moreover, f can be restored from
g and thus g can be used to find a classification correlated with the truth:

(r)
Z g(uﬂ))_fv .
)

u€N (v

Hence, by summing over all incoming vertices of v, we can recover f,.
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11. Functional Inequalities and Isoperimetry

11.1. Isoperimetry

Given a metric space (X, d) and a measure 4 and A C X, define
Ay i={zx e X |d(z, A) <t}

The question we deal with today is the following: If for two sets A and B it holds that pu(A) = u(B), for
which sets can we say pu(A;) < p(B:) and in particular, when is the boundary measure of A smaller than
the one of B, i.e.

it () 1=l PEA A ey

Moreover, will the sets A be independent of the dimension of the metric space X? We will answer this
question affirmatively for Standard n-dimensional Gaussian Random Variables and end with a conjecture
about the validity for a whole function class.

We start with an example for an isoperimetric inequality which is very intuitive and simple to prove: Let
X =R" d=| |2 and u the Lebesgue measure. If A is a ball with vol(A) = vol(B) and B any set, then it
holds

vol(B;) > vol(A;) and wut(B) > pt(A). (11.1)
Exercise 11.1. Show (11.1) using the Brunn-Minkowski inequality
vol(A + B)* > vol(A)* + vol(B)*.

We will now turn to the setting X = R", d = || ||2 and 7, denoting the n-dimensional standard Gaussian
measure. We will prove the following: Let I : [0,1] — [0, \/%] and

I(x) == (@7 (x))
where ® denotes the standard one-dimensional Gaussian cumulative distribution function and ¢ the corre-
sponding density. Then, for every A C R™, it holds

Ta(Ae) = (@7 (1 (A)) + 1) and  ;f (A) = I(ya(A)). (11.2)
This implies directly that halfspaces H := {z : z; < s} for some i € [n] and s € R minimize the boundary
given the volume:
Exercise 11.2. Prove that v, (H;) = ®(s + t) and conclude that if v,(A) = v, (H), it holds

'Yn(At) > 'Yn(Ht)'

This allows us to derive functional inequalities and concentration of Lipschitz functions which we will discuss
later. A proof of the Gaussian isoperimetric inequality (11.2) was first derived from the isoperimetric
inequality on the sphere by [ST78]. It was later reproven through Semigroups [BL96] and with Functional
Inequalities in [Bob97]. We will discuss the latter proof because it allows us to derive several functional
inequalities as well.

11.2. Functional Inequalities

The main result of this section is Bobkov’s inequality [Bob97]. We start by the following two-point inequality
due to Bobkov [Bob97]: For a,b € [0, 1] it holds:
S|
+ o102 +

a+b 1
1 < =4[I(a)?
(A < M (@2 +
In fact, Bobkov proved that I is the maximal function satisfying this inequality for which also I(0) = I(1) = 0.
With the following three steps we will arrive at a functional inequality for the Gaussian measure:

a—>b 2

2

a—>
2
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Step 1: Let f:{£1} —[0,1] and X ~ p:= 6, + 30_1. Then:

LELf(X)) < EVI(F(X))? +[VFXOP,

where |V f| denotes the discrete gradient |W|

Step 2: Induction over n Let f: {+1}" — [0,1] and X ~ p,, := (561 + %(5_1)(@". By induction one can
show:

IELf(X)]) < E[VI(f)? + VI,
where |V f| denotes the discrete gradient
1 n
Vf(@)]? = 1 Y oIf@) = fai))?
i=1
and x_; corresponds to x with flipped coordinate 1.

Step 3: Apply the Central Limit Theorem Let fy := f(\/iﬁ Zgil z) for 1, ...,z N independently

from p,. If f is twice continuously differentiable, taking N — oo and applying the Central Limit Theorem,
we have for Y ~ ~,

IEF(YV)]) <EWVI(FY))? + V)P (11.3)

We can extend this for every locally Lipschitz function f.

Bobkov’s inequality has a flavor like the Poincaré inequality that you learned in the lecture: The fluctu-
ation of f can be controlled by its gradient. Indeed, we can derive other functional inequalities from (11.3)
for f having sufficiently bounded moments:

Exercise 11.3. Derive the log-Sobolev inequality

[ 109y~ [ Pavos [ ) < [1952 .

which bounds the entropy by the norm of the gradient. Hint: Apply Bobkov’s inequality for € f? and send
e — 0.

Exercise 11.4. Derive the Poincaré inequality

Var(f) < / IV £ dy,

which bounds the variance by the norm of the gradient. Hint: Apply log-Sobolev inequality for 1 + ef and
send € — 0.

11.3. Proving Gaussian Isoperimetry

We will prove (11.2) by a simple application of Bobkov’s inequality: Define

1, T € A,
fil@) = {1224 7€ 4)\4,
O7 x € Rn\At

Question 11.5. What is the Lipschitz constant of fi?
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Note that f; is not differentiable. To make it so, in order to apply Bobkov’s inequality, we smooth it and
define

Jt.o(x) = Exn(0,020) [ft (X)]

Note that lim,_.o fi.o(x) = fi(z), i.e. we have pointwise convergence.
Now, we can show that f;, is %—Lipschitz and we can apply Bobkov’s inequality for every f,:. By
dominated convergence, we have

I(/ fto dyn) = I(v(A)), t—0.

Moreover,

tig [ \/1(fea + IV fralB i < (),
Hence we can derive the second part of (11.2). For the first part, define

h(t) == @7 (7 (Ay))-
Note that

h/(t)— WrT(At) 21

Iy (A)
for all ¢ > 0 by the previous analysis. Therefore,
h(t) > h(0) +
and
Tn(Ae) = @(A(t)) = (h(0) +1) = B( ™" (1u(A)) +1))

which proves the first part as well.

11.4. Lipschitz Concentration

As an application of Gaussian Isoperimetry, we can prove dimension-independent concentration of Lip-
schitz functions for Gaussian vectors: Let f : R™ — R be o-Lipschitz continuous and X ~ =, then there
exist constants ¢, C' > 0 such that

t2

P(F(X) ~ BIF(X)]| 2 1) < Coxp(—c5 ).

To prove this, apply the isoperimetric inequalities to the sets
A= {f Zmed(f)}, Az = {f < med(f)}.
Note that by Lipschitz-continuity
Arpjo C{f 2 med(f) =t} Agjo C{f < med(f) +1}.

Exercise 11.6. By comparing with half-spaces, conclude that
£2

P(|f(X) — med(f)| 2 t) = (AT, UAT,/,) < 2exp(—c1 2)-
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Now we want to derive the inequality for E[f(X)] instead of med(f):

Exercise 11.7. Show

B(F(X) ~ f(0)] 2 ) < dexp(—e1 )

for an independent copy X. Then, prove that

Blesp((7(X) — /(X)) < 24 " rexp((0? - )% at.

Conclude by Markov and Jensen and choosing the right A that

t2

P(£(X) = B(F(X))] 2 ) < Cexp(—c1y ).

11.5. Beyond Gaussian Distributions

We have seen that the Isoperimetric Inequality is pretty strong: We can derive several other functional
inequalities independent of the dimension and we can derive concentration in high dimensions! Therefore it
would be a pretty strong statement if we can derive a dimension-independent isoperimetric inequality for a
whole function class. The KLS conjecture ([KLS95]) is about the isoperimetric inequality for all log-concave
probability measures:

Conjecture 11.8 ([KLS95]). For every log-concave probability measure it holds

, ut(S) . pt(H)
>
S i {u(9), 4 (S} = € e hatpspace min{u(H), ()]

where ¢ is a universal, dimension-free constant. In particular,

. wh(S) ¢
S min{u(S), 159} = VTAT

where A = Cov,(X).

Significant progress on resolving this conjecture has been made by Yuansi Chen [Che21], improving over
previously known polynomial bounds on ¢ to a almost-constant lower bound. It was shown by using a
stochastic localization process and tilt the density p to

t _
pe(T) o exp(—ixTA e+ y;x)p(a:),

where y; is a stochastic process that ensures p; to define a martingale over measures. Then, p; is more
log-concave than a Gaussian with Covariance matrix %A.
This allows to study

p*(8) = Elp (5)] > EL(:A™) ™ | min{pu(S), pe(5))]

and hence, if [|Allz = 1 and p(S) = 3, control P(3 < p,(S) < 2) for t as large as possible.
1

23] i . 5 S )
Boaz Klartag [Kla23] improved over this to prove that ¢ > s which is the currently best-known

bound. While related problems like the Thin-Shell Conjecture and Bourgain’s Slicing Conjecture have been
recently proven ([KL25b], [KL25a]), the KLS conjecture still remains open.
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